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Finite-Difference Method
▶ Consider a second-order ODE with BCs of the form

ÿ(t) = f(y(t), ẏ(t), t), a < t < b, y(a) = ya, y(b) = yb. (1)

▶ Recall that second-order accurate (i.e., O((∆t)2)) difference approximations

ẏ(t) ≈ yk+1 − yk−1

2∆t
, (2)

ÿ(t) ≈ yk+1 − 2yk + yk−1

(∆t)2
, (3)

where ∆t = tk − tk−1 and/or ∆t = tk+1 − tk.

▶ Using (2) and (3) to approximate (1) gives

yk+1 − 2yk + yk−1

(∆t)2
= f

(
yk,

yk+1 − yk−1

2∆t
, tk

)
, k = 1, . . . ,K − 1 (4)

▶ Form a system of equations, where the BCs y(a) = y(t0) = y0 and y(b) = y(tK) = yK are
included, and solve for y1, y2, . . . , yK−2, yK−1.
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▶ If the ODE (1) is linear, the system of equations is linear, that is, a big Ax = b problem that can
be solved using LU, for example.

▶ If the ODE (1) is nonlinear, the system of equations is nonlinear, that is, a big f(x) = b problem
that can be solved using nonlinear least squares.

▶ In practice, acceptable accuracy of a finite-difference solution requires many mesh points in
order to reduce the impact of truncation error.

▶ Of course, can’t make the mesh too small, else round-off error accumulates.
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Example

Q. Consider

q̈(t) = γq(t), 0 < t < 1, q(a) = 1, q(b) = 3, (5)

where γ = 4, a = 0, and b = 1.

▶ Find the solution using finite differences.

A. Discretizing (5) using (2) and (3) gives

qk+1 − 2qk + qk−1

(∆t)2
= γqk, (6)

qk−1 + (−γ(∆t)2 − 2)qk + qk+1 = 0. (7)
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▶ Setting ∆t = 0.25 (s) results in

q0 + (−γ(∆t)2 − 2)q1 + q2 = 0, (8)

q1 + (−γ(∆t)2 − 2)q2 + q3 = 0, (9)

q2 + (−γ(∆t)2 − 2)q3 + q4 = 0, (10)

for k = 1, 2, 3, where q0 and q4 are the prescribed (known!) BCs.

▶ The linear system of equations can be written in familiar form(−γ(∆t)2 − 2) 1 0
1 (−γ(∆t)2 − 2) 1
0 1 (−γ(∆t)2 − 2)


︸ ︷︷ ︸

A

q1q2
q3


︸ ︷︷ ︸

x

=

−q0
0

−q4


︸ ︷︷ ︸

b

. (11)

▶ Solve for q1, q2, q3.
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▶ For smaller ∆t the resultant Ax = b problem will be

ϑ 1 0 · · · 0 0 0

1 ϑ 1
. . . 0 0 0

0 1 ϑ
. . . 0 0 0

...
...

. . . . . .
...

...
...

0 0 0 · · · ϑ 1 0
0 0 0 · · · 1 ϑ 1
0 0 0 · · · 0 1 ϑ


︸ ︷︷ ︸

A



q1
q2
q3
...

qK−4

qK−3

qK−2

qK−1


︸ ︷︷ ︸

x

=



−q0
0
0
...
0
0
0

−qK


︸ ︷︷ ︸

b

. (12)

where ϑ = (−γ(∆t)2 − 2).

▶ Solve for q1, q2, q3, . . . , qK−3, qK−2, qK−1, qK−1.
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Figure 1: Analytic solution versus scipy’s solve bvp
solution and Forbes’ custom FD solution.
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Figure 2: Error between analytic solution and scipy’s
solve bvp solution, as well as Forbes’ custom FD
solution.
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Figure 3: Analytic solution versus scipy’s solve bvp
solution and Forbes’ custom FD solution.

0.0 0.2 0.4 0.6 0.8 1.0
t (s)

0.00000

0.00025

0.00050

0.00075

0.00100

0.00125

0.00150

0.00175

e(
t) 

(m
)

scipy solution
FD method, t = 0.1

Figure 4: Error between analytic solution and scipy’s
solve bvp solution, as well as Forbes’ custom FD
solution.
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Figure 5: Analytic solution versus scipy’s solve bvp
solution and Forbes’ custom FD solution.
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Figure 6: Error between analytic solution and scipy’s
solve bvp solution, as well as Forbes’ custom FD
solution.
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Figure 7: Analytic solution versus scipy’s solve bvp
solution and Forbes’ custom FD solution.
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Figure 8: Error between analytic solution and scipy’s
solve bvp solution, as well as Forbes’ custom FD
solution.
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Example

Q. Consider

q̈(t) = q(t)− (q(t))2, 0 < t < 1, q(a) = 1, q(b) = 4, (13)

a = 0 and b = 1.

▶ Find the solution using finite differences.

A. Discretizing (13) using (2) and (3) gives

qk+1 − 2qk + qk−1

(∆t)2
= qk − q2k, (14)

qk−1 + (−(∆t)2 − 2)qk + (∆t)2q2k + qk+1 = 0. (15)
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▶ Rewrite (15) as 
(−(∆t)2 − 2)q1 + (∆t)2q21 + q2

q1 + (−(∆t)2 − 2)q2 + (∆t)2q22 + q3
...

qK−4 + (−(∆t)2 − 2)qK−3 + (∆t)2q2K−3 + qK−2

qK−2 + (−(∆t)2 − 2)qK−1 + (∆t)2q2K−1


︸ ︷︷ ︸

f(x)

=


−q0
0
...
0

−qK


︸ ︷︷ ︸

b

. (16)

▶ Solve for x =
[
q1 q2 · · · qK−2 qK−1

]T using nonlinear least squares.
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Figure 9: scipy’s solve bvp solution and Forbes’
custom FD solution.
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Figure 10: Error between scipy’s solve bvp solution
Forbes’ custom FD solution.
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Figure 11: scipy’s solve bvp solution and Forbes’
custom FD solution.
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Figure 12: Error between scipy’s solve bvp solution
Forbes’ custom FD solution.

14 / 17



0.0 0.2 0.4 0.6 0.8 1.0
t (s)

1.0

1.5

2.0

2.5

3.0

3.5

4.0

q(
t) 

(m
)

scipy solution
FD method, t = 0.01

Figure 13: scipy’s solve bvp solution and Forbes’
custom FD solution.
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Figure 14: Error between scipy’s solve bvp solution
Forbes’ custom FD solution.

15 / 17



0.0 0.2 0.4 0.6 0.8 1.0
t (s)

1.0

1.5

2.0

2.5

3.0

3.5

4.0

q(
t) 

(m
)

scipy solution
FD method, t = 0.001

Figure 15: scipy’s solve bvp solution and Forbes’
custom FD solution.
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Figure 16: Error between scipy’s solve bvp solution
Forbes’ custom FD solution.
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