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Finite-Differences
» Consider u(z,y,t).

» The forward-difference derivative approximation is
au(x7 Y, t) ~ U(ZL' + AZL’, Y, t) - ’LL(LC, Y, t)

U = Oz - Ax ’
_ 6u($7yat) ~ U(l‘,y+Ay,t) *U(I,y,t)

WSy T Ay ’
_ Ou(x,y,t) u(z,y,t 4+ At) —u(z,y,t)

R TR At '

» The central-difference derivative approximation is
ou(z,y,t)  ulz+ Ax,y,t) —ulx — Az, y,t)
Uy = ~

v Ox - 2Azx ’
W, = 8u(m,y7t) ~ u(x,y—}—Ayﬂf) _u(xvy_Ayat)

v dy - 2Ay ’
"y = ou(x,y,t) ~ u(z,y,t + At) —u(z,y,t — At)

ot 2At

2/37



» The central-difference second derivative approximation

- 0?u(z,y,t) _u(z+ Az, y,t) — 2u(w,y,t) + u(r — Az, y,t)

oxz "~ (Ax)?
w 0%u(z,y,t) ~ u(z,y + Ay, t) — 2u(x, y,t) + u(z,y — Ay, t)
v dy? (Ay)?
"y = 0%u(x,y,t) ~ w(z,y,t + At) — 2u(z,y, t) + u(z,y, t — At).
ot? (At)?

» Use a finite-difference approximation to discretize the PDE in time and/or space.
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Semidiscrete FD Methods Applied to the Diffusion Equation

> Consider the diffusion (heat) equation
u =0 upe +f, O<az<l t>0, (1)

where f = f(z,1).

> f = f(z,t) represents some sort of internal energy sources, such as conversion of electrical energy
to heat via a resistor.

» The ICs are

u(z,0) =¢(z), 0<z<H{.

» The BCs are

U(Ovt) = Ho, u(& t) =, t=0.

> A semidiscrete method discretizes (1) in space but keeps time continuous.
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Discretize in Space, Numerically Integrate in Time

> Discretize in space, meaning z, = 1Az, Az = n%l Tor1 = T, + Az, 21 = x, — Az,
1=0,1,...,n+ 1.

> Let q,(t) = u(z,, t).
» Using a central-difference second derivative approximation to approximate u..., (1) becomes

2

it(x“t) = (Aax)g (u(xH-lat) - QU(xZ’t) + u(xl—l’t)) + f(wmt)a 1=1,...,mn,
G,(t) = K (qu+1(t) — 2¢,(t) + qu—1(t)) + fu(t), 1=1,...,n, 2)

where k = % and f,(t) = f(z,, ).
» From the ICs, ¢,(0) = u(x,,0) = ¢(z,), i =1,...,n—1,n.
> From the BCs, qo(t) = u(0,t) = 1o and gn11(t) = w(wni1,t) = u(l,t) = p.
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> For example, say n = 4.

> The BCs qo(t) = po and g,+1(t) = gs(t) = pue-

> Writing out (2) explicitly gives

where ¢,(0)

¢($1)1 [

q1(t) = K (q2(t) — 2q1(t) + po) + fi(t),

G2(t) = £ (g3(t) — 2q2(t) + qu(t)) + fa(t),

43(t) = £ (qa(t) — 2q3(t) + q2(t)) + f3(1),

qa(t) = k(e — 2q4(t) + g3(t)) + fa(t),
1,2,3,4
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» Writing out these four equations in first-order state-space form gives

q1(t) -2 1 0 0 [qt) Ko f1(t) q1(0) é(x1)

@O _ |1 =2 1 0 g O f2(t) 2(0)| _ |o(x2) 3)
q3(t) 0 1 =2 1/ |g() 0 f3(t)]” q3(0) P(w3) |’
da(t) 0 0 1 2] [qt) KlLe fa(t) q4(0) d(x4)

q(t) = f(q(t)7 t)’ q?(o) = ¢(xi)7 Z = 1a 23 31 47
which can solved using your favourite numerical integration method for ODEs!

»> For example, any Runge-Kutta method.
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» Generalization to any n is straightforward.
> As before, the BCs qo(t) = o and ¢p+1(t) = pe.
» Writing out (2) explicitly gives

q1(t) = K (q2(t) — 2q1(t) + po) + f1(t),
G2(t) = r (g3(t) — 2q2(t) + q1(t)) + fa(2),
43(t) = K (qa(t) — 2q3(t) + q2(1)) + f3(1),

( ( )_2q’ﬂ 1( )+Qn72(t))+fnfl(t)v
(e = 2qn(t) + gn—1(t)) + fu(t),

anl (t)
Gn(t) =

where ¢,(0) = ¢(z,), 1 =1,...

K
K

n.
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» Writing out these n equations in first-order state-space form gives

()

N

—~

~+~
~—— —

Gna(t)
anl (t)

L dn()

-2 1 0 0 077 g(e) T
Lz o
0 1 -2 0 0 a(1)
Qn—2(t)
0 0 -2 1 anl(t)
0 0 1 —2| L w() ]
. e
A q(t)
=f(q(t),t), @) =¢(x,) i=1,---,n,

LFkbe ]

fnfll (t)

L fa(t) ]

which can solved using your favourite numerical integration method for ODEs!

» This solution method is known as the method of lines (MOL). MOL is a semidiscrete method

because space is discretized and time is left continuous.
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Example [1, 2]

» Consider the diffusion (heat) equation

w = augs, 0<z <1, t>0, (5)
where o? = 1.
The ICs are

u(z,0) =100, 0<z<1.

The BCs are

u(0,t) =0, wu(l,t)=0, t>0.
Equation (5) has an exact solution,

u(z,t) = i@ Z %sin(k‘mz)e_(kﬁ)zt,
k=1,3,5,...

that a numerical solution can be compared to.
Let ¢t € [0,0.05] (s) with dt = 1 x 107 (s).
Consider n = 10, 20, 50, 100.
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Figure 7: Response over time at a 3D plot. Figure 8: Wireframe response over time at a 3D plot.
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Figure 15: Response over time at a 3D plot. Figure 16: Wireframe response over time at a 3D plot.
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Semidiscrete FD Methods Applied to the Wave Equation

» Consider the wave equation
Ut = CY27.L$I + f, O<z< ‘g, t Z 0, (6)

where f = f(x,t).
> 7= f(=z,t) represents some sort of external loads applied to a flexible mechanical system.

» The ICs are
u(z,0) = ¢(z), 0<ax <,
w(z,0) =¢(z), 0<z<H{.
» The BCs are

w(0,t) = po, w(l,t) = pe, t>0.

> A semidiscrete method discretizes (6) in space but keeps time continuous.
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Discretize in Space, Numerically Integrate in Time
» Discretize in space, meaning =, = 1Az, Az = ﬁ Top1 = T, + Az, T, =z, — Az,
1=0,1,...,n+ 1.
> Letq,(t) = u(x,.1).
» Using a central-difference second derivative approximation to approximate u,.., (6) becomes
2

ii(2,,t) = (Aax)Q (w(@or1, t) — 2u(@0, t) + w(zeor, 1) + fl@nt), 1=1,...,n,
éjz(t) :H(QZJrl(t)_2QZ(t)+Qz71(t))+fz(t)a v=1,...,n, (7)

where k= &5 and f£,(t) = f(z,,1)
» From the ICs, ¢,(0) = u(x,,0) = ¢(z,), ¢.(0) = u(x,,0) = ¥(z,), i =1,...,n— 1,n.
> From the BCs, go(t) = u(0,t) = o and g,+1(t) = w(zpi1,t) = u(l,t) = py.
» Note that, along with (7), there are “velocity” states, meaning
@(t) = v(t), (8)
0y(t) = K (qu1(t) = 2q.(t) + -1 (1)) + fu(1), (7)
must be numerically integrated simultaneously.



> For example, say n = 4.
» The BCs qo(t) = o and g, 41(t) = pue.
» Writing out (7) and (8) explicitly gives

qi(t) = vi(t),

d2(t) = va(t),

43(t) = v3(t),

4a(t) = va(t),

01(t) = K (q2(t) — 2q1(t) + po) + f1(2),
0a(t) = K (g3(t) — 2q2(t) + q1(t)) + fa(t)
03(t) = K (qa(t) — 2q3(t) + qa(t)) + f3(t)
04(t) = K (e — 2q4(t) + g3(t)) + fa(t),
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> Let

I 4], [k
_ qa(t . _ Ga(t _ va(t o - _ 0 o (2
q(t) = o) q(t) = is)| = |us(t) =v(t),  bO)=| |+ ()
qa(?) qa(t) va(t) Kb fa(t)
» Writing out these four equations in first-order state-space form gives
a®)] _[o 1][a®)], [0 o) — [0
{o] £ o] b el 0= 0] ©
() A x(t)
X(t) = f(X(t)vt)7 qz(o) = (b(xz)v ’U,(O) = 1/’(»%)7 i=1,2,3,4,

where A is defined in (3) (or in (4) in the general case).
» Equation (9) can solved using your favourite numerical integration method for ODEs!

> For example, any Runge-Kutta method.
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> Now generalize. Let

C () ] RCREECR o] [ AW T
0 () (1) va(t) 0 £a()
] v 0
T e PRI L T e Y R YOl Il I I
Qn—l(t) Q7L—1(t) Un—l(t) 0 fn—l(t)
L Qn(t) i L Qn(t) i L Un(t) i L Rle L fn(t) i

» The overall system to numerically integrate is then

{ ) - ww* by 0= [0 (10)

o A X

)
x(t) =t(x(1),1),  @(0) = ¢(z), w(0)=¢(z,), i=1L---,n

where A is defined in (4).
» Equation (10) can solved using your favourite numerical integration method for ODEs!
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Example [2]

» Consider the wave equation

Uy = PUgy, 0<z<1, t>0, (11)
where o? = 1.
» The ICs are
u(x,0) = exp (—32(x—0.5)2), 0<2<1,
u(z,0) =0, 0<z<1

» The BCs are
u(0,¢t) =0, wu(l,t)=0, ¢>0.
> Lett e [0,2] (s) withdt =1 x 1072 (s).

» Consider n = 10, 20, 50, 100.
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Figure 23: Response over time at a 3D plot.
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Figure 27: Response over time at a 3D plot.
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Fully Discrete Methods Applied to the Diffusion Equation

NOT TAUGHT FALL 2024

» Consider the diffusion (heat) equation
U= Qugy +f, 0<xz<l, t>0,

where f = f(x,t).
» The ICs are

w(z,0) = ¢(z), 0<z</.

» The BCs are

w(0,t) = po, w(l,t) = pe, t>0.

> A fully discrete method discretizes (1) in space and in time.
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Discretize in Space and Time

» Discretize in space, meaning z, = 1Ax, Az = 7#1 Top1 =2, + Az, xpm1 =z, — Az, =0,1,...,n+ 1.
» Discretize in time, meaning t, = kAt, k =0,1,2... and At is sufficiently small.
> Let qzlC = u(x,, tr).
> Using

> a forward-difference first derivative approximation in time to approximate w:, and

> a central-difference second derivative approximation to approximate in space to approximate s,
(1) becomes

17t - z;t' 2
Mt b S () = 2u(on, )+ ulios, 0) + St =1,
@t —q

9. o
T:K(Qf+1_2qf+qf—l)+fzk7 1217"‘7”7 (12)

where k = (A )2 and fF = f(xz,, tr).
» From the ICs, ¢° = u(z,,0) = ¢(z,), i =1,...,n — 1,n.
> From the BCs, ¢f = u(0,tx) = po and ¢& 1y = u(@nt1,tx) = u(l,t) = pe.
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Fully Discrete Methods Applied to the Wave Equation

» Consider the wave equation
Uy = Puge + f, 0<ax <l t>0, (6)

where f = f(z,1).

» The ICs are

u(z,0) = ¢(z), 0<ax<,
w(z,0) =v(x), 0<ax <.

» The BCs are

w(0,t) = po, w(lyt) =pe, t>0.
> A fully discrete method discretizes (6) in space and in time.
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Discretize in Space and Time

>

>
>
>

>

| g

Discretize in space, meaning z, = 1Az, Ax = ﬁ Top1 =2, + Az, 2,1 =2, — Ax,0=0,1,...,n+ 1.
Discretize in time, meaning t, = kAt, k =0,1,2... and At is sufficiently small.

Let gF = u(xy, tr)-

Using

> a central-difference second derivative approximation in time to approximate ., and
> a central-difference second derivative approximation to approximate in space to approximate .z,
(6) becomes

U(To, thr1) — 2u(@o, tr) + (@, th1) o
(At)?2 - (Ax)? (u(@ag1, te) = 2u(o, t) + (@1, te)) + f2a te), 1=1,.
B oy gt
} (Aqt) I = k(g1 (t) = 20.(0) + o () + 15, 1=1,....n, (13)

where k = (A )2 and fF = f(x,,tr)

From the ICs, ¢° = u(z,,0) = ¢(z.), (@, 0) = (@) = LxL, i =1,...,n—1,n.
From the BCs, ¢§ = u(0,t1) = po and ¢ 1, = u(zni1,tx) = u(l,t) = pe.
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