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Unit Step

» A unit step applied at ¢t = 0 is defined as

0, t<0
1+(t):{1 t>0 -

)

» Referring to Figure (b), as e — 0 the function
14(t) is recovered.

14(t) is denoted o (¢) in [1].
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(b) 1+(t—a):{ 0, t<a

1, t>a

© te-as0={ B

(d) Lo(t—a)f(t—a) = { i

Note, 0 < a < oo.
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Unit Impulse (Delta Function)

» A unitimpulse applied at ¢t = 0 is defined as
5(t)=0, t#0
fg S(r)dr =14(t)
while an equivalent definition of §(¢) is

5(6) = dlgt(t).

» A unitimpulse applied at t = a, where
0 < a < oo, is defined as

6(t —a)=0, t#a
fo T—a)dr=14(t—a) ’
while an equivalent definition of 6(¢ — a) is given
by dl,(t — a)
dt '
» The unit impulse §(¢ — a) satisfies

[ 8(r —a)f(r)dr = f(a).

o(t—a)=

/goes to infinity

(b)

/gocs to infinity

0 a
(©)
0 \
a€eta (d)
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Laplace Transforms
> The general idea of a transform is to re-express the time-domain function in the s-domain, that
is

b
LB} = f(s).  where  f(s) = / (s, 8) £ (1),

» Using the kernal function
K(s,t) =e 5

and a = 0 and b = oo, where s = Res + 7Im s = ¢ + jw leads to the Laplace transform (LT)

L)} = f(s) = / st ()t

> {f(t), f(s)} is a LT pair.

» Why use the LT transform at all?
» Can simplify a problem. Hard problem with f(¢) but easy problem with f(s).
» Can convert an ODE into an into an algebraic equation.

» Easier to handle discontinuities.
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Assumptions

» Only functions of the form f(¢) = 0, ¥t < 0, will be considered.
» Sufficient conditions for an LT pair to exist are as follows.
> f(t), Vt > 0, is piecewise continous.
> f(t), Vt > 0, “grows” no faster than than ae®t, vVt > 0, where 8 € R.

> For example, f(t) = ¢'" 1, (t) does not have an LT becuase it grows faster than ae®'1, (¢) for any 8.
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The Laplace Transform is a Linear* Operator

LAayfi(t) +azfa(t)} = /0°° e (a1 f1(t) + aafo(t)) dt

where Re s > max(o1, 02) and o, and o2 define the ROC of the LTs f1(s) and fa(s)

*Recall, “linear” means

[ et @has [T e @b a
0 0
(11/ eistfl(t)dt + ag‘/or eistfg(t)dt

0

a1 L{f1(t)} + a2 L{f2(t)}

and

hold.
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Inverse Lapace Transform
> The inverse LT is defined to be

0, t<0
L7{f(s)} = f(2) :{ s [T et f(s)ds, t ; 0"

where o, defines the ROC. Turns out, this definition is not all that useful in practice.

» To find the inverse Laplace transform, use LT tables,
F@O) == f(s),
F(s) =2 F (1),
where L {f(t)} = f(s) and L=" {f(s)} = f(1).

» The inverse LT is also a linear operator, that is

L7 {arf1(s) + azfa(s)} = ar L7 {f1(s)} + aeL™" { fa(s)}
= a1 f1(t) + azfa(t).
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Common LT Pairs

flo) = Jo e F)dt f(b), vt >0
1 5(t)
1
N 14 (t)
I
2 t
I —at
s+a ¢
T te—at
(s +a)?
a
1— —at
s(s+a) ¢
b—a —at _ _—bt
(s + a)(s + 1) c
Gta)® (1 —at)e
3
=2 L e c.os(at)
g sin(at)

S _F a —at
Graf+ 0 e~ * cos(bt)
b ot
Graip e~ sin(bt)
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Example
Q. Whatis the LT of f(t) = 1.(t — a) where 0 < a < c0?

A.

L{L(t—a)} = /OOO =1, (t — a)dt

= / e Stdt
1

when Re s > 0.

Q. What is the LT of f(t) = 1,.()?
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Example
Q. What is the LT of §(t — a) where 0 < a < c0?

A. Recall that

Aéh—aﬁhﬁrzﬂ@.

Thus
L{(t—a)} =

/ e S5(t —a)dt
0

—Ssa

e
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Example

Q. What's the LT of f(t) = e**1, (t) where k € C?

A.
e 1+ } / —stktq L (t)dt
_/ —st ktdt
0
:/ ekt qy
0

= lime TR~
(k: — 5) t—o0 (k — s) t—0

Let s =0 + jwand k = u + v so that
s—k=(c—u)+3(w—v)=a+18.

Recall Euler’s formula, ’** = cos at + 7sin at.
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Thus,
e~ (=Rt _ —(at1B)t
— e—atgi(=P)t

= e *(cos(—B)t + gsin(—B)t)
= e~ *(cos Bt — jsin ft)

It follows that

L {ekt1+(t)} = lim (e=**(cos(Bt) — ysin(Bt))) +

(k= s) i (s— )
1
(s—F)

when Re s > Rek.
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Example
Q. What's the LT of f.(t) = cos(at)14 (t) and fs(t) = sin(at)14 (t) where a € R?
A. From Euler’s Formula,
" = cos(at) + ysin(at).
Also recall that £ {e**1,.(t)} = -1 where k € C. Thus,
r {eJ“t } _ 1 s+ ja
s - ]a s+ ja

a
= ey
when Re s > Re k, meaning Re s > 0 because k = 0 + ja in this case. Next, note that

L{ 1 (t)} = / " (cos(at) + ysin(at)) 14 (t)dt

:/ e cos(at)1+(t)dt+]/ e ' sin(at)1, (¢)dt
0 0

=L{fe @} +L{fs)}.
Thus,

L{R0) = £{eos(@Le ()} = 5 LAf()} = £ {sin(at) 14 ()} =

s2 +a?)’

(

a

s2+a?)’
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Differentiation

Claim: £ {d{;f)} = sf(s) — £(0) where £(0) = £(t)],—o.

Proof.
df(t) _ > —st df(t) _ * —st
E{dt }—/0 e dt—/0 e~ df(t)

Use integration by parts,

ult) =, du(t) = df(1)
du(t) = —se*'dt, v(t) = f(t),

/ w(®)dv(t) = u(t)o(t)]’ — / o()du(t).
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With Re s > Re o where o defines the ROC of the LT of f(¢), it follows that

) [
—s/ ft)e stdt — £(0)

=sf(s) = f(0)

In general,

L { o } =s"f(s) — "1 f(0) = s"2F(0) — - — [ H0),

dtn

where f7"~1(t) is the n — 1*" derivative.
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Integratlon
Claim: Let fi(t) = [y f(r)dr. Then, £{fi(t)} = L f(s).

Proof.
L{fi(t)} = /000 eiStﬁ(t)dt = /000 et /Ot f(r)drdt

Use integration by parts,

(t) = /Ot f(r)dr, dv d
du(t) = f(B)dt, v(t) 7§67 ‘
[ uan(o) = uer@)l: - [ w(odu)

it follows that

cunen= ([ fde) (—1) :ﬁ 7 () e

/f e~ tdt = ~L{f(H)} = - f(5)
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Convolution

> Does £ {f(t)g(t)} = f(s)g(s)?
No!

» The convolution of f(t) and g(t) is
f()xg(t) = / ft—7)g(r)dr, Vt>0.
0

> The LT of the convolution of f(¢) and g(t) is L{f(t) x g(t)} = f(s)g(s).
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Example

Q. Given f(s) = ey Whatis f(t), vt > 0?
A. Consider
fi(s) = o and f2(8) = iy
A= =) and fp) =L { g b =)

It follows that
F(0) = L7 {fu(s) fals)} = / fi(t — 1) fo(r)dr
= /Ot e (t—7)e 1, (r)dr

t
= eit/ e "14(t—T7)dr, Vi>0.
0

Letting n = ¢t — 7, noting that dn = —dr, and changing the integration bounds gives

0 t t
fO=et | e ((=dn)=et | e Mdp=e" [ ldp=e (' -1
n
t 0 0

—et— 672t, vt > 0.
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Partial-Fraction Expansion
> Whatis f(t) = £~ {f(s)} where f(s) = rrra=9)7
> Could use convolution ... but that’s a lot of work. Is there an easier way?
> Yes! Partial fraction expansion!
>

First recall that

> Write

1 C1 C2

(s+3)(s—2) 5+3+5—2

and then solve for ¢; and cs.
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> Rearranging,

1 c1 Co

(s+3)(s—2) 5—}—34_3—27

1=(s+3)(3—2><si3+56—22)

=(s—2)c1 + (s+ 3)ca,
(0)s + (1) = (c1 + ¢2)s 4+ (—2¢1 + 3¢2)s".

» We have two equations, and two unknowns.

» The first equation comes from s°,

1=—2c; +3c;=[-2 3] [Ej :

» The second comes from s! = s,

0261+02:[1 1] [z;:|
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» Writing these two equations in matrix form gives

-2 3 Ci| 1

1 1 C2 o 0"
» This is a classic Ax = b problem.
» Recalling that

it follows that
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» Find that c; = —1 and ¢, = £, and therefore
I S
f(s) = (s+3)(s—2) s+3 * s

| o=

5"

» |t follows that

)= £ 76} = (—5e 7+ 5% 1400

» More examples can be found in Appendix C.3 of
https://github.com/randybeard/controlbook_public
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Final-Value Theorem (Important!)

Let f(s) = L{f(t)} and assume that sf(s) is analytic in Res > 0 (that is, sf(s) has no poles in the
CRHP). Then

lim f(t) = ;1_1% sf(s).

t—o0

Example
Q. Compute lim, o f(t) Where f(s) = <.
A. Note that sf(s) = 15 has no poles in the CRHP; said another way, all poles of sf(s) = 17 are

in the OLHP. Thus, the FVT can be applied, yielding

Jim £(t) = lim sf(s)
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Appendix - Proof of Convolution Relation

> To show that £ {f(t) x g(t)} = f(s)g(s), first consider

gy = [ _ét</ft—7 )
//ft—T e stdrdt
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> T

> In the original form of the double integral = goes from 7 = 0 to 7 = ¢ along PQ, and ¢ goes
fromt=0tot = oc.

» When the order of integration is changed, ¢ goes from ¢t = 7 to t = oo along RS, and  goes
fromr=0to 7 = .

» Thus,

L{ft)*gt)} = /OQO /Ut f(t —7)g(r)e stdrdt = /UOO /TOO f(t —7)g(r)e stdtdr.
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> Within the inner integral (on t), apply a change of variables. Specifically, n =t — 7 (or
t=n+71).

> t goesfromt =710t = 00,50 ngoes fromn=0ton = co. Also, dn = dt.

» Therefore,

LA{f(t)*g(t }_/ / f(t—7)g(r)e stdtdr

[ s
~ [ ot ( / f(n)e‘s"d77> e "dr

_ /OOO 9(1)f(s)emdr

8

s) g(r)e *7dr
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Appendix - Proof of the Final-Value Theorem

To show that
lim f(t) = lim sf(s),

t—o0 s—0

consider
. o d
c{fw} :/0 ‘ffst%dt’
. > d
tim £ {0} = timy [0,
o0 d
lim (sf(s)—f(O))F/0 iiﬂ%e_ﬁ%dt
;i_r)%sf(s) - f(0) = /0 %Sgt)dt
_ /0 df(t)
= tliglo f(t) — f(O)
Thus,

lim f(t) = ilg}) sf(s).

t—o00
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Notes and References

Notes
See Appendix A and Sections 1.2 of [1]. Step function and impulse function pictures from [1]. See
[2] Chapter 2 as well.

Additionally, these notes are partially based on / inspired by notes by Prof. M. Peet, ASU,
Prof. C.J. Damaren, UTIAS, Prof. T.D. Barfoot, UTAIS, and Prof. J. Hoagg, U. Kentucky.

[11 L. Qiu and K. Zhou, Introduction to Feedback Control. Upper Saddle River, NJ: Prentice-Hall, Inc., 2010.
[2]  W.J. Palm, System Dynamics, 3rd. Toronto, ON: McGraw Hill, 2013.
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