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The Standard Control Problem
▶ Consider a generalized plant, P(s), connected in feedback with a controller, K(s).

P(s)

K(s)

z(s)

y(s)

w(s)

u(s)

▶ Inputs and outputs are as follows.
▶ w ∈ Rnw : exogenous inputs.
▶ z ∈ Rnz : regulated output, also called performance output.
▶ u ∈ Rnu : control input (controller output [applied by actuators]).
▶ y ∈ Rny : plant output (controller input [a function of measurements]).

▶ Design K(s) to minimize (in terms of some sort of “cost/objective function”) the impact of w on
z.
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The Control Design Problem
A very general, useful, and clever way to formulate a control design problem is to

minimize
K(s)

∥T zw∥

such that closed-loop system is asymptotically stable,

where z(t) = (T zww)(t) and z(s) = Tzw(s)w(s).

Given y(t) = (Gu)(t), y(s) = G(s)u(s), the most popular norms are:

▶ the H2 norm,

∥G∥2 =

√∫ ∞

0

tr (GT(t)G(t)) dt,

where and G(t) is the impulse response of G(s); and
▶ the H∞ norm,

∥G∥∞ = sup
ω∈R

σ̄(G(ȷω)),

where σ̄(G(ȷω)) =
√

λ̄(GH(ȷω)G(ȷω)).

Assume interconnection is well posed.

Okay, so why are these system norms so popular? How are they interpreted? How do we even compute
them!? 3 / 42



System Responses
▶ Consider the system

ẋ(t) = Ax(t) + Bu(t), x0 = x(t0) (1)
y(t) = Cx(t) + Du(t), (2)

where the total response in the time-domain is

y(t) = C exp(At)x0 + C
∫ t

0

exp
(
A(t− τ)

)
Bu(τ) dτ + Du(t), ∀t ≥ 0. (3)

▶ Equation (3) is often written as simply y(t) = (Gu)(t) where G : U → Y is an operator.

▶ If u(t) = 0 for all t ≥ 0 then
yfree(t) = C exp(At)x0, ∀t ≥ 0,

which is the free response (a.k.a., the zero input response).

▶ If x0 = 0 then

yforced(t) = C
∫ t

0

exp
(
A(t− τ)

)
Bu(τ) dτ + Du(t), ∀t ≥ 0,

which is the forced response.
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Impulse Response
▶ Let a < b where a, b ∈ R. The impulse function is defined as∫ b

a

δ(τ) dτ =

{
1, a ≤ 0 < b
0, otherwise

or, more generally as ∫ b

a

δ(τ − t0)g(τ) dτ =

{
g(t0), a ≤ t0 < b
0, otherwise

where t0 ∈ [a, b] and g : [a, b] → Rn is continuous at t0.
▶ Setting u(t) = δ(t)v, where v ∈ Rnu is arbitrary, yields

y(t) = C exp(At)x0 + G(t)v, ∀t ≥ 0,

where
G(t) = C exp(At)B + Dδ(t), ∀t ≥ 0,

is the impulse response function.
▶ When u(t) = δ(t)v the forced response is given by

y(t) = G(t)v = C exp(At)Bv + δ(t)Dv, ∀t ≥ 0,

which is the impulse response.
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Free versus Impulse Response

Fact
Let D = 0, nu = 1, and x0 = Bv. Then the free and impulse responses are equal to each other and
are given by

y(t) = C exp(At)Bv = C exp(At)x0, ∀t ≥ 0.

Proof.
The proof follows from a direct comparison of the free response and impulse response when
D = 0, nu = 1, and x0 = Bv where B ∈ Rn×1.

The impulse response can be interpreted as a free response with very specific initial conditions.
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Signal Norms
▶ The L2 norm of u : R+ → Rn is defined as

∥u∥2 =

√∫ ∞

0

uT(t)u(t) dt.

▶ Using Parseval’s Theorem,

∥u∥2 =

√∫ ∞

0

uT(t)u(t) dt =

√
1

2π

∫ ∞

−∞
uH(jω)u(jω) dω

where u(jω) is the Fourier transform of u(t).
▶ The truncation of u : R+ → Rn is

uT =

{
u(t), 0 ≤ t ≤ T,

0, t > T
∀T ∈ R+.

▶ The truncated L2 norm is the L2 norm of a truncated function,

∥u∥2T =

√∫ ∞

0

uT
T
(t)uT (t) dt =

√∫ T

0

uT(t)u(t) dt.

▶ The L∞ norm of u : R+ → Rn is defined as ∥u∥∞ = supt∈R+ [maxi=1,...,n |ui(t)|] .
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The H2 Norm

▶ Consider y(t) = (Gu)(t) where y(s) = G(s)u(s),

G(s) = C(s1 − A)−1B,

A is Hurwitz, and D = 0.

▶ The H2 norm is

∥G∥2 =

√∫ ∞

0

tr (GT(t)G(t)) dt =

√
1

2π

∫ ∞

−∞
tr (GH(jω)G(jω)) dω,

where and G(t) is the impulse response of G(s).

▶ The matrix A must be Hurwitz for the H2 norm to be well defined.

▶ The matrix D must equal zero for the H2 norm to be well defined.
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The H2 Norm Interpretations

▶ Time domain interpretations.

▶ Impulse response interpretation: the square root of the sum of the L2 norm squared of the forced
response when an impulse is applied to each input channel individually.

▶ Free response interpretation: the L2 norm of the free response.

▶ Frequency domain interpretations.

▶ SISO frequency domain interpretation: square root of the area under the magnitude (of the transfer
function) squared.

▶ MIMO frequency domain interpretation: square root of the sum of the area’s under the singular
values (of the transfer matrix) squared.

▶ Random signal interpretation.

▶ In both SISO and MIMO cases, the RMS-value of the system output when the input is white noise.
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Impulse Response Interpretation
▶ Let 1ı ∈ Rnu define a column matrix with a 1 in the ıth row, that is, 1ı = [0 0 · · · 0 1 0 · · · 0 0]T.
▶ The input u(t) = δ(t)1ı yields the impulse response

yı(t) = G(t)1ı = C exp(At)B1ı

when D = 0.
▶ Consider

nu∑
ı=1

∥yı∥22 =

nu∑
ı=1

∫ ∞

0

yT
ı (t)yı(t) dt

=

∫ ∞

0

nu∑
ı=1

(G(t)1ı)
T (G(t)1ı) dt

=

∫ ∞

0

nu∑
ı=1

1T
ı GT(t)G(t)1ı dt,

which is the sum of the L2 norm squared of the ı = 1, 2, . . . , nu impulse responses.
▶ Note that for A ∈ Rn×n, tr(A) can be written

tr(A) =
n∑

ı=1

aıı =

n∑
ı=1

1T
ı A1ı.
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▶ Therefore,

nu∑
ı=1

∥yı∥22 =

∫ ∞

0

nu∑
ı=1

1T
ı GT(t)G(t)1ı dt

=

∫ ∞

0

tr
(
GT(t)G(t)

)
dt,

and by taking the square root of both sides gives√√√√ nu∑
ı=1

∥yı∥22 =

√∫ ∞

0

tr (GT(t)G(t)) dt = ∥G∥2 .

▶ It follows that the H2 norm is equal to the square root of the sum of the L2 norm squared of
the forced response when an impulse is applied to each input channel individually.
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Free Response Interpretation
▶ The free response with initial condition x0 = B ∈ Rnu×1 is

y(t) = G(t) = C exp(At)B.

▶ The L2 norm of the free response with initial condition x0 = B ∈ Rnu×1 is

∥y∥2 =

√∫ ∞

0

yT(t)y(t) dt

=

√∫ ∞

0

tr (yT(t)y(t)) dt

=

√∫ ∞

0

tr (GT(t)G(t)) dt

= ∥G∥2 .

▶ Therefore, the H2 norm is equal to the L2 norm of the free response with initial condition
x0 = B ∈ Rnu×1.
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SISO Frequency Domain Interpretation
▶ Consider the SISO case, y(s) = G(s)u(s), where

G(s) = C(s1 − A)−1B.

▶ When ny = nu = 1 the term √
1

2π

∫ ∞

−∞
tr (GH(jω)G(jω)) dω

becomes √
1

2π

∫ ∞

−∞
GH(jω)G(jω) dω.

▶ Also, when ny = nu = 1 the term GH(jω)G(jω) can be written

GH(jω)G(jω) =
(
Re {G(jω)} − jIm {G(jω)}

)(
Re {G(jω)}+ jIm {G(jω)}

)
= (Re {G(jω)})2 + (Im {G(jω)})2

= |G(jω)|2,
which is the transfer function magnitude squared.
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▶ The H2 norm is equal to

∥G∥2 =

√
1

2π

∫ ∞

−∞
tr (GH(jω)G(jω)) dω =

√
1

2π

∫ ∞

−∞
|G(jω)|2 dω, (4)

which can be interpreted as the square root of the area under |G(jω)|2 over all frequencies.
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MIMO Frequency Domain Interpretation
▶ Recall that any matrix can be written using a singular value decomposition (SVD).

▶ In particular, the (not necessarily square nor real) matrix G can be written

G = UΣVH,

where U and V are unitary (i.e., UHU = UUH = 1) and Σ = diag {σ1, σ2, . . . , σr, 0} .
▶ By writing the transfer matrix G(jω) as

G(jω) = U(jω)Σ(jω)VH(jω),

the expression tr
(
GH(jω)G(jω)

)
can be written

tr
(
GH(jω)G(jω)

)
= tr

(
V(jω)ΣH(jω)UH(jω)U(jω)Σ(jω)VH(jω)

)
= tr

(
ΣH(jω)Σ(jω)VH(jω)V(jω)

)
= tr

(
ΣH(jω)Σ(jω)

)
=

min(ny,nu)∑
i=1

σ2
i (G(jω)),

where the “wrap around” property of trace has been employed.
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▶ It then follows that

∥G∥2 =

√
1

2π

∫ ∞

−∞
tr (GH(jω)G(jω)) dω (5)

=

√√√√ 1

2π

∫ ∞

−∞

min(ny,nu)∑
i=1

σ2
i (G(jω)) dω

=

√√√√min(ny,nu)∑
i=1

[
1

2π

∫ ∞

−∞
σ2
i (G(jω)) dω

]
.

▶ The H2 is equal the square root of the of the sum of the area under each singular value (of the
transfer matrix G(s)) squared.
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Random Signals
▶ Some functions, such as u(t) where ui(t) = ūi sin(ωit+ ϕi), do not have a finite L2 norm.

▶ To measure the size of such functions, the root-mean-square (RMS) value fo the function is
used, where

∥u∥rms =

√
lim

T→∞
1

T

∫ T

0

uT(t)u(t) dt.

▶ ∥u∥2rms represents the average power of the signal.

▶ ∥u∥2rms is also equal to

∥u∥rms =

√
tr

(
1

2π

∫ ∞

−∞
Su(ω) dω

)
=

√
tr (Ru(0)).

▶ The power spectral density of u(t) is Su(ω) =
∫∞
−∞ Ru(τ)e

−ȷωτ dτ.

▶ The auto-correlation matrix of u(t) is Ru(τ) = limT→∞
1
T

∫ T

0
u(t)uT(t+ τ) dτ . Ru(0) is often

referred to as the covariance matrix of u(t).
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SISO PSD Interpretation
▶ Consider the SISO case, y(s) = G(s)u(s).
▶ It can be shown that

Sy(ω) = |G(ȷω)|2Su(ω),

meaning the PSD of the input Su(ω) is amplified or attenuated by |G(ȷω)|2 to give the PSD of
the output Sy(ω).

▶ It is customary to assume Su(ω) = 1, ∀ω ∈ R, meaning the input u(t) is a white noise signal.
In this case,

Sy(ω) = |G(ȷω)|2,
meaning the output PSD Sy(ω) is equal to |G(ȷω)|2 at each frequency.

▶ Further, notice that

∥y∥rms =

√
1

2π

∫ ∞

−∞
Sy(ω) dω =

√
1

2π

∫ ∞

−∞
|G(jω)|2 dω,

which corresponds exactly to (4).
▶ As such, can interpret the H2 norm as the RMS-value of the system output when the input is

white noise.
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MIMO PSD Interpretation
▶ Consider the MIMO case, y(s) = G(s)u(s).

▶ It can be shown that

Sy(ω) = G(ȷω)Su(ω)GH(ȷω),

where the PSD of the input is Su(ω) and the output PSD is Sy(ω).

▶ It is customary to assume Su(ω) = 1, ∀ω ∈ R, meaning the input u(t) is a white noise signal. In
this case,

Sy(ω) = G(ȷω)GH(ȷω).

▶ Further, notice that

∥y∥rms =

√
tr

(
1

2π

∫ ∞

−∞
Sy(ω) dω

)
=

√
1

2π

∫ ∞

−∞
tr (G(jω)GH(jω)) dω =

√
1

2π

∫ ∞

−∞
tr (GH(jω)G(jω)) dω,

which corresponds exactly to (5).

▶ Again, can interpret the H2 norm as the RMS-value of the system output when the input is
white noise.
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The H∞ Norm

▶ Consider y(t) = (Gu)(t) where y(s) = G(s)u(s),

G(s) = C(s1 − A)−1B + D,

and A is Hurwitz.

▶ The H∞ norm is

∥G∥∞ = sup
u∈L2,u̸=0

∥y∥2
∥u∥2

= sup
ω∈R

σ̄(G(ȷω)),

where σ̄(G(ȷω)) =
√

λ̄(GH(ȷω)G(ȷω)).

▶ The matrix A must be Hurwitz for the H∞ norm to be well defined.

▶ The matrix D does not have to equal zero for the H∞ norm to be well defined (although, it may
happen to equal zero).
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The H∞ Norm Interpretations

▶ Time domain interpretations.

▶ The “worst case” ratio of ∥y∥2 to ∥u∥2.

▶ Frequency domain interpretations.

▶ SISO frequency domain interpretation: supremum (i.e., peak) on magnitude part of Bode diagram.
▶ MIMO frequency domain interpretation: supremum of the maximum singular value associated with

transfer matrix G(s).
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The “Worst Case” Ratio of ∥y∥2 to ∥u∥2
▶ The squared L2 norm of y is

∥y∥22 =

∫ ∞

0

yT(t)y(t)dt = 1
2π

∫ ∞

−∞
yH(jω)y(jω) dω,

where Parseval’s Theorem has been used to transfer into the frequency domain.

▶ Using the relation y(s) = G(s)u(s) it follows that

∥y∥22 = 1
2π

∫ ∞

−∞
uH(jω)GH(jω)G(jω)u(jω) dω

≤ sup
ω∈R

σ̄2(G(jω))︸ ︷︷ ︸
∥G∥2

∞

1
2π

∫ ∞

−∞
uH(jω)u(jω) dω

= ∥G∥2∞ ∥u∥22 .
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▶ Taking the square root of both sides yields

∥y∥2 ≤ ∥G∥∞ ∥u∥2 , or
∥y∥2
∥u∥2

≤ ∥G∥∞ , ∥u∥2 ̸= 0.

▶ The “worst case” ratio of ∥y∥2 to ∥u∥2 leads to

∥G∥∞ = sup
u∈L2,∥u∥2 ̸=0

∥y∥2
∥u∥2

= sup
u∈L2,∥u∥2 ̸=0

∥Gu∥2
∥u∥2

= sup
u∈L2,∥u∥2=1

∥Gu∥2 ,

meaning the H∞ norm is the induced norm on L2.
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SISO and MIMO Interpretations in the Freq. Domain

σ2

σ3

σ1

σ[G(jω)]

ω

‖G(s)‖∞

▶ Recall that
∥G∥∞ = sup

ω∈R
σ̄(G(jω)).

▶ In the SISO case, σ̄(G(jω)) is equivalent to |G(jω)|.
▶ Therefore, in the SISO case,

∥G∥∞ = sup
ω∈R

|G(jω)|.
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How to actually compute the H2 norm?

To compute the H2 norm, we need the following theorem.

Theorem
Assume A is Hurwitz, and consider the Lyapunov equation

PA + ATP + Q = 0,

where Q = QT. The following statements hold.
1. P =

∫∞
0

exp(ATt)Q exp(At) dt.
2. P = PT > 0 if Q = QT > 0; P ≥ 0 if Q = QT ≥ 0.
3. Let Q = QT ≥ 0. Then, (A,Q) is observable if and only if P = PT > 0.
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▶ As a consequence of part 3 of the above theorem, given A that is Hurwitz, (A,C) is
observable if and only if M = MT > 0 is the solution to

MA + ATM + CTC = 0,

where M is the (infinite horizon) observability Gramian. Note that

M =

∫ ∞

0

exp(ATt)CTC exp(At) dt.

▶ Similarly, from part 3 again, given A that is Hurwitz, (A,B) is controllable if and only if
W = WT > 0 is the solution to

AW + WAT + BBT = 0,

where W is the (infinite horizon) controllability Gramian. Note that

W =

∫ ∞

0

exp(At)BBT exp(ATt) dt.
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▶ Recall that the H2 norm is

∥G∥2 =

√∫ ∞

0

tr (GT(t)G(t)) dt,

where G(t) = C exp(At)B is the impulse response of G(s) = C(s1 − A)−1B, A is Hurwitz, and D = 0.
Assume (A,B) is controllable and (A,C) is observable.

▶ It follows that

∥G∥22 =

∫ ∞

0

tr
(

GT(t)G(t)
)
dt

=

∫ ∞

0

tr
(

BT exp(ATt)CTC exp(At)B
)
dt

= tr

[
BT

(∫ ∞

0

exp(ATt)CTC exp(At) dt

)
B
]

= tr
(

BTMB
)
,

where M = MT > 0 is the solution to the Lyapunov equation MA + ATM + CTC = 0.
▶ Therefore, the H2 norm is

∥G∥2 =
√

tr (BTMB),

MA + ATM + CTC = 0.
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▶ There is yet another way to compute H2 norm. Using the “wrap around” property of trace, write ∥G∥2 as

∥G∥2 =

√∫ ∞

0

tr (GT(t)G(t)) dt =

√∫ ∞

0

tr (G(t)GT(t)) dt,

where, as before, G(t) = C exp(At)B is the impulse response of G(s) = C(s1 − A)−1B, A is Hurwitz, and
D = 0. Assume (A,B) is controllable and (A,C) is observable.

▶ It follows that

∥G∥22 =

∫ ∞

0

tr
(

G(t)GT(t)
)
dt

=

∫ ∞

0

tr
(

C exp(At)BBT exp(ATt)CT
)
dt

= tr

[
C
(∫ ∞

0

exp(At)BBT exp(ATt) dt

)
CT

]
= tr

(
CWCT

)
,

where W = WT > 0 is the solution to the Lyapunov equation AW + WAT + BBT = 0.
▶ Therefore, the H2 norm is

∥G∥2 =
√

tr (CWCT),

AW + WAT + BBT = 0.
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Using Convex Optimization and LMIs to Compute the H2 Norm

Theorem
Consider G(s) = C(s1 − A)−1B where A is Hurwitz, (A,B) is controllable, and (A,C) is observable.
The following conditions are equivalent.

1. ∥G∥2 < ν.
2. There exists P = PT > 0 such that

tr
(
BTPB

)
< ν2,

PA + ATP + CTC < 0.

3. There exists P = PT > 0 such that

tr
(
CPCT

)
< ν2,

AP + PAT + BBT < 0.
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As always, identify the p and the q (and, in this case, the r).

▶ p =
(
∥G∥2 < ν

)
.

▶ q =
(

There exists P = PT > 0 such that tr
(
BTPB

)
< ν2, PA + ATP + CTC < 0

)
.

▶ r =
(

There exists P = PT > 0 such that tr
(
CPCT

)
< ν2, AP + PAT + BBT < 0

)
.
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q ⇒ p
▶ q being true means that P = PT > 0 such that PA + ATP + CTC < 0.
▶ Define −Q = PA + ATP + CTC where Q = QT > 0.
▶ Owing to the fact that A is Hurwitz, there exists a unique solution E = ET > 0 to the Lyapunov equation

EA + ATE = −Q.

▶ Notice that

0 = −Q − (−Q)

= PA + ATP + CTC − (EA + ATE)

= (P − E)A + AT(P − E) + CTC.

▶ Because (A,C) is observable it follows that the matrix M = P − E > 0 is the solution to
MA + ATM + CTC = 0.

▶ Therefore, by using tr
(
BTPB

)
< ν2 it follows that

tr
(

BTMB
)
= tr

(
BTPB

)
− tr

(
BTEB

)
< ν2 − tr

(
BTEB

)
︸ ︷︷ ︸

≥0

< ν2.

▶ Thus, q implies tr
(
BTMB

)
< ν2 where M = MT > 0 is the solution of MA + ATM + CTC = 0, which is

equivalent to ∥G∥2 < ν, which is p.
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p ⇒ q
▶ p being true means ∥G∥2 < ν, which means that tr

(
BTMB

)
< ν2 where M = MT > 0 is the

solution of MA + ATM + CTC = 0.

▶ Owing to the fact that A is Hurwitz, there exists M0 = MT
0 > 0 satisfying

M0A + ATM0 < 0.

▶ Let P = M + ϵM0 > 0 where ϵ > 0 is a small number. Notice that

tr
(
BTMB

)
< ν2,

⇔ tr
(
BTPB

)
− ϵtr

(
BTM0B

)
< ν2,

⇒ tr
(
BTPB

)
< ν2 for sufficiently small ϵ > 0.

▶ Also, notice that

PA + ATP + CTC = MA + ATM + CTC︸ ︷︷ ︸
=0

+ϵ (M0A + ATM0)︸ ︷︷ ︸
<0

< 0.

▶ Thus, p implies there exists P = PT > 0 such that tr
(
BTPB

)
< ν2, PA + ATP + CTC < 0, which

is q.
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▶ To find the smallest ν such that ∥G∥2 < ν, solve the following convex optimization problem
subject to LMI constraints:

minimize
P=PT

tr
(
BTPB

)
such that P = PT > 0,

PA + ATP + CTC < 0.

The smallest ν is then ν =
√

tr (BTPB).

▶ Alternatively, the smallest ν such that ∥G∥2 < ν can be found by solve the following convex
optimization problem subject to LMI constraints:

minimize
P=PT

tr
(
CPCT

)
such that P = PT > 0,

AP + PAT + BBT < 0.

The smallest ν is then ν =
√

tr (CPCT).
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How to actually compute the H∞ norm?

In this case, we’ll jump right to the context optimization + LMI formulation.

Theorem
Consider G(s) = C(s1 − A)−1B + D where A is Hurwitz, (A,B) is controllable, and (A,C) is
observable. The following conditions are equivalent.

1. ∥G∥∞ < γ.
2. There exists P = PT > 0 such that

F =

[
PA + ATP + CTC PB + CTD

∗ DTD − γ21

]
< 0.

Note, the “∗” is just the symmetric part of the matrix in question.

Also, this is a feasibility problem. The γ is not necessarily “the smallest” (i.e., “inf”).
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As always, identify the p and the q.

▶ p =
(
∥G∥∞ < γ

)
.

▶ q =
(

There exists P = PT > 0 such that F < 0
)
.
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q ⇒ p

▶ Only q ⇒ p will be shown.

▶ The approach that will be taken to show q ⇒ p is to show that

sup
u∈L2,u ̸=0

∥y∥2
∥u∥2

< γ

using a Lyapunov-like analysis, where

∥G∥∞ = sup
u∈L2,u ̸=0

∥y∥2
∥u∥2

,

which in turn implies that ∥G∥∞ < γ < ∞.

▶ To start, consider the Lyapunov-like function

V (x(t)) = xT(t)Px(t),

where P = PT > 0.
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▶ Recall that

ẋ(t) = Ax(t) + Bu(t), x0 = x(t0)
y(t) = Cx(t) + Du(t).

▶ The time-rate-of-change of V is

V̇ (x(t)) = ẋT(t)Px(t) + xT(t)Pẋ(t)

= xT(t)
(
PA + ATP

)
x(t) + xT(t)PBu(t) + uT(t)BTPx(t)

+yT(t)y(t)− yT(t)y(t) + γ2uT(t)u(t)− γ2uT(t)u(t)

= xT(t)
(
PA + ATP + CTC

)
x(t)

+ xT(t)(PB + CTD)u(t) + uT(t)(BTP + DTCT)x(t)

+ uT(t)(DTD − γ21)u(t)− yT(t)y(t) + γ2uT(t)u(t)

=

[
x(t)
u(t)

]T [
PA + ATP + CTC PB + CTD

∗ DTD − γ21

] [
x(t)
u(t)

]
− yT(t)y(t) + γ2uT(t)u(t).

▶ Because F < 0 it follows that
V̇ (x(t)) < −yT(t)y(t) + γ2uT(t)u(t). 37 / 42



▶ Integrating both sides between t = 0 and t = T and rearranging yields

V (x(T ))− V (x(0)) < −
∫ T

0

yT(τ)y(τ) dτ + γ2

∫ T

0

uT(τ)u(τ) dτ,

V (x(T )) +
∫ T

0

yT(τ)y(τ) dτ < γ2

∫ T

0

uT(τ)u(τ) dτ + V (x(0))

∥y∥22T < γ2 ∥u∥22T + V (x(0))

▶ When working with a transfer function G(s) we assume ICs are quiescent; invoking this
assumption leads to

∥y∥22T < γ2 ∥u∥22T ,

∥y∥2T < γ ∥u∥2T ,

∥y∥2T
∥u∥2T

< γ.

▶ Letting T → ∞ and taking the “worst case” ratio of ∥y∥2 to ∥u∥2 leads to

sup
u∈L2,u̸=0

∥y∥2
∥u∥2

< γ.
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Equivalent LMIs

Theorem (Schur Complement Lemma)
Let the symmetric matrix A be partitioned as

A =

[
A11 A12

AT
12 A22

]
.

Then,

A < 0 ⇔ A11 < 0, A22 − AT
12A−1

11 A12 < 0,

⇔ A22 < 0, A11 − A12A−1
22 AT

12 < 0,

and

A > 0 ⇔ A11 > 0, A22 − AT
12A−1

11 A12 > 0,

⇔ A22 > 0, A11 − A12A−1
22 AT

12 > 0.
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Theorem
The following are equivalent.

1. There exists P = PT > 0 such that

F1 =

[
PA + ATP + CTC PB + CTD

∗ DTD − γ21

]
< 0.

2. There exists P̄ = P̄T > 0 such that

F2 =

 P̄A + ATP̄ P̄B CT

∗ −γ1 DT

∗ ∗ −γ1

 < 0.

3. There exists Q̄ = Q̄T > 0 such that

F3 =

 AQ̄ + Q̄AT B Q̄CT

∗ −γ1 DT

∗ ∗ −γ1

 < 0.
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Proof of 1 ⇔ 2
▶ Write F1 < 0 as [

PA + ATP PB
∗ −γ21

]
−

[
CT

DT

]
(−1)−1 [ C D

]
< 0.

▶ Apply the Schur complement lemma, which is an iff statement, to get PA + ATP PB CT

∗ −γ21 DT

∗ ∗ −1

 < 0.

▶ A congruence transformation does not alter definiteness, that is, Q > 0 ⇔ TQTT > 0 for any full rank T.
▶ For a congruence transformation, consider

T = diag
(
γ− 1

2 1, γ− 1
2 1, γ

1
2 1

)
,

where T is full rank.
▶ Apply a congruence transformation in T, which is another iff procedure, to get

T

 PA + ATP PB CT

∗ −γ21 DT

∗ ∗ −1

TT < 0, ⇔

 P̄A + ATP̄ P̄B CT

∗ −γ1 DT

∗ ∗ −γ1

 < 0,

where P̄ = Pγ−1, and hence P̄ = P̄T > 0.
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