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The Standard Control Problem

> Consider a generalized plant, P(s), connected in feedback with a controller, K(s).

W(s)—— ——»7(s)

u(s) K(s) =—y(s)

> Inputs and outputs are as follows.
> w e R"%: exogenous inputs.
»> z € R"™=: regulated output, also called performance output.
»> u € R™: control input (controller output [applied by actuators]).
> y € R"v: plant output (controller input [a function of measurements]).
> Design K(s) to minimize (in terms of some sort of “cost/objective function”) the impact of w on
Z.
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Static Full-State #, Control Design Problem

> In this case, the generalized plant is of the form

x(t) = Ax(t) + Byw(¢) + Bou(t), xo = x(0), (1)
z(t) = C1x(t) + Ow(t) + D12u(?), (2)
y(t) = x(t) + Ow(t) + Ou(t), (3)

sothat D;; =0, Cy, =1, Dy =0, and Doy = 0.
> In this case, y(t) = x(¢t) (i.e., all states are measured).
» Consider a controller form

Yk (1) = Dgug(t),
u(t) = —Ky(?)

where yx (t) = u(t), ug (t) = y(t) = x(¢), and Dg = —K.
» This is a static full-state feedback controller.

> In this case, negative feedback is assumed. Could just as well pick D = K and, in many

books/papers, this is what is done.
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The Closed-Loop System

» The closed-loop system is

x(t) = (A = BoK)x(t) + Biw(t),  xo = x(0), (4)
2(t) = (C1 — DiK)x(7), ()

or

X(t) = ALuX(t) + B,w(t), xp = x(0),
z(t) = CLux(1),

where A,, =A-BK,B., =B;,andC,, = C; — D;oK.
» The associated closed-loop transfer matrix is

Tzw(S) = Czw(SI - Azw)_lew = (Cl - D12K)(51 - (A - BQK))_lBl'

» The closed-loop impulse response matrix is
Tzw(t) = Czw eXp(Azu,t)Bzw = (C1 — Dng) exp ((A - BQK)t)Bl
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The Optimization Problem
The control design problem at hand is

minimize 1T 2wl
KeR"u Xna

such that closed-loop system is asymptotically stable,

where z(t) = (T W) (t) and z(s) = T, (s)W(s).

Q Why is minimizing the closed-loop #, norm a good idea?

A1 An impulse can be considered a “worst case” disturbance. Find K € R™*"= to minimize the
impact of an impulsive disturbance.

A2 > Say the frequency content of the disturbance is unknown.
> Find K € R™*™= to minimize |7 (jw)|? over w € R.
> By minimizing |7z (jw)|* over w € R, | T, (jw)| is minimized over w € R, which in turn means
minimizing the area under the magnitude portion of the Bode diagram, thereby minimizing the
impact of disturbances over all frequencies.

> The solution that uses convex optimization and LMIs will be considered.
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Using Convex Optimization and LMIs to Compute the 7, Norm

Theorem

Consider G(s) = C(s1 — A)~'B where A is Hurwitz, (A, B) is controllable, and (A, C) is observable.
The following conditions are equivalent.

1.6l <v.

2. There exists P = P" > 0 such that

tr (B"PB) < 1%,
PA+ATP+CTC<0.

3. There exists P = PT > 0 such that

tr (CPC") < v°,
AP +PAT +BBT < 0.
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Theorem (Schur Complement Lemma)
Let the symmetric matrix A be partitioned as

A[All A12]'

Al, Agp
Then,
A<0 & A1 <0, Ap—ALATAL <O
& Ay <0, Al —ApALAL <0
and

A>0 & A >0, Ap—ALATAR >0
< Ay > 0, A — A12A2_21A—1r2 >0

Theorem (Congruence Transformation)
Consider Q € R"*™ and W € R™*™ with rank(W) = n. Then,

Q<0 < WQW' <.
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Problem (#, Control Problem)

Design a static full-state feedback gain K such that || T ..,||, < v holds for0 < v < .

The set of symmetric R"*™ matrices is denoted S"*" = {P € R™*" |[P=PT}.

Theorem

Given 0 < v < oo, the Hy control problem has a solution iff there exists X € S"=*"= 7, € S"=*"=
andF € R™«X"= gych that

Z>0, X >0, tr(Z) < v, (6)

7 (C1X — DyoF)
(C,X — DoF)T X >0, (7)
AX +XA"T —B,F - F'B] + B;B] <0. (8)

The static full-state feedback gain is given by K = FX~1.

The design variables are X, Z, and F (but not v, which is given).

As stated, the above theorem is a feasibility problem (i.e., not yet an optimization problem). .



Proof

» Recall that the closed-loop transfer matrix is

T.w(s) = C.u(s1 — A.,) !B,y = (C; — D12K)(s1 — (A — BoK)) " 'B;.

> Also recall that || 7 .||, < v iff exists X = XT > 0 such that

tr (C.,XCL,) < 17,
A.,X+XAl +B.,Bl, <0.
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Proof Continued

» Using the “slack variable” Z = Z™ > 0, note that

tr (C.,XC],) < v?

& C..XC!l, <Z, tr(Z)<v? (Notan obvious step.)
& 7 C XX 'XCI >0, tr(Z) <12
Z CZU)X
& [ XCT, X } >0, tr(Z)<v? (Schur complement used.)
Z (C1X —DyoF) 2
= [ (C1X — DpF)T X >0, tr(Z) <v?,

where the Schur complement has been used and F = KX.

10/22



Proof Continued

» In a similar fashion,

A.,X+XAT +B.,Bl <0,

& (A —-BK)X +X(A -B:K)" +B;B] <0,
& AX - ByKX +XAT - XK'B] + B;B] <0,
& AX+XAT-B,F-F'B] +B;B] <0,

where F = KX.
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Comments

Q Why do we need the slack variable Z and the Schur complement?

A We can’t work directly with

tr (C.,XCL,) < 7,
A..,X+XAl +B.,Bl, <0,

because these inequalities are not convex in X and K, that is, not LMIs in X and K.

> We need to use the change of variables F = KX and the slack variable (plus the Schur
complement) to convexify/simplify the problem.
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Optimal H, Controller
The smallest v such that || 7., < v can be found by solve the following convex optimization
problem subject to LMI constraints:

minimize V2
Z=7T, X=XT, F, v

such that v >0, (6),(7),and (8).

The optimal static state-feedback gain (in an H, sense) is then K = FX~!.

» The above is an optimization problem. The design (optimization) variables are X, Z, F, and v.

> Note, the word “optimal” is meaningless without specifying “with respect to what” (i.e., the form

of the cost function). In this case the K is optimal in an #, sense.
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The H, Estimation Problem
» Consider

x(t) = Ax(t) + Biw(t) + Bou(t), xo = x(0),
y(t) = Cox(t) + Dayw(t)
where w can be decomposed into process noise (i.e., a disturbance) and measurement noise.
» Consider an observer of the form
X(t) = AX(t) + Bou(t) + L(y(t) — §(t))
= A)A((t) + Bgu t) + L(ng(t) + D21W(t) — Cg)}(t))
= (A — LCQ)i((t) + Bgu(t) + LCQX(t) + L'Dglw(t).

A~ o~

> Next, consider the error e(t) = x(t) — x(¢), and the error dynamics
e(t) = x(t) — x(t)
= AX(t) + 31W(t) + Bzu(t) — (A — LCQ))A((t) — lel(t) — LCQX(t) — LD21W(t)
= (A — LCQ)E(t) + (Bl — LDQl)W(t)

> Let the performance be z(t) = Cie(t).
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> The transfer matrix T, (s) is
T.w(s) = Cou(s1 — AL,) "By = C1(s1 — (A —LCy)) (B — LDy),
while the impulse response matrix is

Tzw(t) = Czw exp(Azwt)Bzw = C1 exp ((A — LCQ)t) (Bl — LDQl).

Problem (#, Estimation Problem)

Design an observer gain L such that || T ..,||, < v holds for0 < v < co.
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Theorem

Given 0 < v < oo, the H, estimation problem has a solution iff there exists X € S™=*"=,
Z € S"v*"v andF € R™*"= such that

Z>0, X >0, tr(Z) < v, (9)
Z (XB; —FDy;)"
(XB, — FDy,) X = (10)
XA +ATX - FC, —CJF' +C]C, <. (11)

The observer gain is given by L = X~ 'F.

» The design variables are X, Z, and F (but not v, which is given).

> As stated, the above theorem is a feasibility problem (i.e., not yet an optimization problem).
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Proof
» Recall that the closed-loop transfer matrix is

T.w(s) = Couw(s1 — ALy,) "By, = C1(s1 — (A —LCy)) " }(B; — LDy).

> Also recall that || 7 .., ||, < v iff exists X = X" > 0 such that
tr (B],,XB.,,) < v°,
XA., +Al X+ Cl,C., <O0.

2w 2w
» Using the “slack variable” Z = Z™ > 0, note that
tr (B],XB.,,) < v°
< B! XB., <Z, tr(Z)<v? (Notan obvious step.)
& Z-B] XX7'XB., >0, tr(Z) <’

N Z B,X >0, tr(Z)<v? (Schur complement used.)
XB., X ’ ’ '

Z (XB; —FDy)" 2

< { (XB; — FD,) X 70wz <

where the Schur complement has been used and F = XL. -



Proof Continued

» In a similar fashion,

XA., +Al X+ CT C., <0,
& X(A-LCy)+ (A-LCy)'X+ClC <0,
& XA+ATX-FC,—CIFT+cClc, <o,

where F = XL.
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Optimal #H, Estimator
The smallest v such that || 7., < v can be found by solve the following convex optimization
problem subject to LMI constraints:

minimize V2
Z=7T, X=XT, F, v

such that v >0, (9),(10), and (11).

The optimal observer gain (in an . sense) is then L = X 'F.

» The above is an optimization problem. The design (optimization) variables are X, Z, F, and v.

> Note, the word “optimal” is meaningless without specifying “with respect to what” (i.e., the form

of the cost function). In this case the L is optimal in an #, sense.
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Convex Optimization + LMIs versus Analytic Solution

Q Why use the convex optimization + LMIs solution(s) versus an analytic solution (i.e., the ARE)?
A Because additional constraints can be easily incorporated into the controller synthesis problem.

Theorem
LetR = {A € C| — B < Re{\} < —a} be a strip region in the complex plane. The eigenvalues of A lie in R
(ie, N\i(A) € R, i =1,2,...,n) iff there exists P € S"*™ such that P > 0,

PA+A"P +2aP < 0,

PA + AP+ 24P > 0.

ImA
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Problem (#, Control Problem with Strip Region Constraint)

Design a static full-state feedback gain K such that ||T .., ||, < v holds for 0 < v < oo and the
closed-loop eigenvalues are located in the strip region described by
R={AeC| —B<Re{\} < —a}.

Theorem

Given 0 < v < oo, the Hy control problem with strip region constraint has a solution if there exists
X € Stexne 7, € S"=*"= gnd F € R™*"= such that

Z>0, X>0, tr(Z)<v? (12)

Z (C1X — DyoF)
(C,X — DoF)T X >0, (13)
AX + XAT —B,F — F'B] + B,B] <0, (14)
AX +XAT —B,F —F'B] + 20X < 0, (15)
AX +XAT — B,F — F'B] + 26X > 0. (16)

The static full-state feedback gain is given by K = FX~1,
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