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The Gaussian Distribution

» A continuous random variable x € R"= is said to have a normal or
Gaussian distribution if the pdf associated with x is given by

1

———
v/ (2m)ne det 32

where x is the mean and ¥ = X7 > 0 is the covariance matrix.
> > =" > 0 means X is symmetric and positive definite, thus ensuring 3 is
not singular, and thus X' exists.
» Often it is more convenient to write the Gaussian distribution in
information form,

p(x) =N(p, ) = N(x;p, X) = Xp (—%(x—u)Tz—l(x—u)),

(1)

exp(—3n'A7'n)

p(x) =N "1 (m, A) = N7 (xim, A) = (2m)7 det AT

exp (—%XTACB + xT'r]) ,
)

where A = X! andn = Ap.
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> Equation (2) can be derived from (1). Starting from (1),

1

—F——————— €
/@) det =

Tz—l
::?ﬂl@iggggﬁlexp(_%XT2—4X4_XT2—1H)
(2m)n det 32
exp(—yn'A”'n) LT Ax T
= exp (—5X AX+Xx 3
mW@MAIWQ ") @)

=N"1(n,A).

N(p,X) = xp(—3 (x' T x—2x"T '+ puTE )

» A short-hand notation for indicating x is normally distributed is

X~ N, ) =Nxp, ) =N""(n,A) =N "' (x;n,A).
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Three Critical Operations

» Marginalization

> Conditioning

> Bayes Rule
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Three Critical Operations (Conditional Form)

» Marginalization
p(xi0) = [ pxvlenay ™

> Conditioning

p(x,y|0) = p(x]y, 0)p(y|6) (8)
> Bayes Rule

_ plylx 0)p(x/6)
p(xly.0) = B ©)
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The Schur Complement

Theorem (1)

[1] Consider the matrix X € R™*". Partition X in block matrix form

xz[‘é g], (10)

where A € RP*P B € RP*9, C € R?*P andD € R?*?. |f bothD and A — BD~'C are
invertible then

x1_[A B - (A—BD'C)™! —(A—BD"!C)"'BD!
| C D | -D'c(A-BD'C)"' D '+D 'C(A-BD 'C) 'BD"' |
(11)
The matrix A — BD~'C is the Schur Complement of D in X.
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Proof.
» Decompose X into three matrices,

x_|A Bl _[1 BD '] [A-BD'C 0 1
~|C D0 1 0 D| [D'C

!

P Q R
> Note that
p-t_[1 BD]TT _ 1 -BD
o 1 o 1 |

0= [A—BD!C 0]" [(A—BD!C)"' 0
L0 D| 0 D!

R = | ,11 0] 1:{ 1,1 0}.
D~'C 1 -D7'C 1
> Recall that, for any three invertible matrices P, Q, R € R™*",
(PQR)"' =R7'Q7'P7.
» Therefore,

-1 _ -1 __ p-1n—-1p—1 __
X7 =(PQR)" =R QP = “1c 1
(A-BD'C)™* —(A-BD'C)"'BD!
-D'C(A-BD'C)™" D '4+D'C(A-BD'C)"'BD!

|

[_D1 0} {(A—Bl())‘lc)‘l Dgl} [

E



The Schur Complement (Alternative Version)

Theorem (2)

[1] Consider the matrix X € R™*". Partition X in block matrix form

xz[‘é g], (13)

where A € RP*P, B € RPX?, C € R?7*?, andD € R2%4. |f both A and D — CA~'B are
invertible then

x1_|[A B ' [AT'+AT'BD-CA'B)"'CA™! —A'B(D—CA'B)"! ]
| C D - —(D—-CA'B)"'CcA™! (D—-CA'B)™!

(14)
The matrixD — CA™'B is the Schur Complement of A in X.
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Proof.
» Decompose X into three matrices,

A B 1 0] A 0 1 A'C
X:{c D}:[BA*1 1} [0 DfCA*IB} {0 1 } (15)

P Q R

»> Note that
pi_[ 1 0T _[ 1 0
T BATY 1] T |-BATY 1)
oA 0 oAt 0
[0 D-CAT'B] [0 ([D-CAT'B)'|’
1 A'c]™' 1 -A"'C
0 1 0 1|

> Recall that, for any three invertible matrices P, Q, R € R™*",
(PQR)"' =R7'Q7'P.

» Therefore,
1 1 pelp-ip-1_ [1 —AT'C][AT! 0 1 0
X =(PQR) =R QP = [0 1 Ho (D—CA*lB)*l} [—BA*1 1}

_[A'"+A'BDOD-CA'B)"'CA™" —-A'B(D-CA'B)"!
- —(D—-CA™'B)"'cA™! (D—-CA™'B)™! :



The Matrix Inversion Lemma

> In the special case where A, D, the Schur complement of A in X,
A —BD~'C, and the Schur complement of D in X, D — CA~'B, are all
invertible, equating the (1, 1) block of each expression for X! in
Equations (11) and (14) leads to [1]

(A-BD'C)"'=A"'+A'B(D-CA'B)"'CA !,

which is called the Woodbury matrix identity.
» The Matrix Inversion Lemmais,

(A+BC)'=A"'-A'B1+CA'B)'CA™L.

which comes from setting D = 1 and changing B to —B [1].

10/41



Determinant Results

Consider
A B
cC D |’
where A and D are square.
> Assuming A is full rank,
A B _
det[ C D } = det Adet (D — CA™'B), (16)

which can be derived by taking the determinant of both sides of (15).
> Assuming D is full rank,

A B

det[c D

} = detDdet (A—BD'C), (17)

which can be derived by taking the determinant of both sides of (12).
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Specialized Schur Complement Results

» Consider

2z~ N, ), z= |:X:|> B = [Hx]7 3= |:2xm ny], A= |:Awm Aacy:|,
y Hy

where A=X"1, 8, =3],and Ay, = A],.
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» The Schur complement of X, in X is

{zm zzy]l 7 [Am Azy} _
Zyaz: Eyy Ayﬂc Ayy
{ (Boo — By By Do) L (B~ BBy Do) By By
D S SN 6 5 S > 5 3 b S Rk D Dt SRED YD S 0 SIS SN0 Y S Rt S0 Y
(19)
» Thus,
Az = Bow — By By By (20)
» The Schur complement of X, in X is
2?}1 Ey’y Ayz Ayy
{ S 2Ny (B — BB Bay) R0 -2 Ty (B — By Tl ay)
7(291-1 - Zyzzgszy)_lzyzzzj (Eyy - zylzzzlzzy)_l
(21)
» Thus,

Ay =3y — By S, Sy (22)



» The Schur complement of A, in Ais

|:Azz Azy:| -t . [Ezz Ezy:| _

(Avz — Auy Ay Aye) ™! —(Aze — Apy Ay Aya) " Ay Ay
—Ay Aye (Ao — Aoy Ay Aya) ™ Ay + Ay Aya(Age — Auy Ay Aye) ' Agy Ay
(23)
» Thus,
Yo = Aue — AuyAyy Ay (24)

» The Schur complement of A, in A is

|:Amc Axy:| - _ |:Eam Emy:|

Ay Ay Syr By

Ass + Ao Ay (Ayy — Ay A Ary) T Ay ALy
—(Ayy — Aya At Any) ' Aya AL,

» Thus,

—AL Ay (Ayy — Ayle;zl Almy)_l
(Ayy = Aya Ay Aay)”

oy = Ay — AyAr Ay, (26)



Marginalization Theorem

» Consider

z~Np,X), z= m p= [ux] s _ {zm zxyy A [Am Axyl

Theorem (3)
Letz ~ N (p,X) and be partitioned as in (18). Then, the marginal pdf p(x) is given by
p(x) = N(pa, Baa)
=N""(@,A)
where

N="ns — AuyAyyny, A=Aue— AuyAy, Ayo.

Y
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Proof.
» Recall that

p(x) = / ™ px,y)dy. (27)

» The joint pdf is
1

exp («
V(2m)(ratny) det B (@)

where the argument of the exponent, «, is
T
(-0 [ Rl B -Le])- e
==t (B -Le) [ A (B-])- o
» Using the Schur complement of A, in A, Theorem 1, enables « to be written as
T -1 —1
(Bl -Fl) o A [ )
y Ky 0 1 0 Ayy

i D)

(30)

p(x,y) = N(p, X) = (28)

a=—

N
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> Next, expand «, and write « as the sum of two quadratic terms:

> aquadratic termin (y — py) + Ay, Aye (X — pz), called a1, and
» a quadratic term in x — p., called as.

» |t follows that o = a1 + a2 where

= % (<y “y) + A Ayi( - N:t))TAyy ((y - Ny) + A;;Ay.'li(x - l’l'.L)) )

(x — um)T (A ATyAyy Ay ) (x — py)

g — —

N= N

and (24) has been used.
» The joint pdf p(x,y) can now written as
1

p(x,y) =N(p, %) = NS> exp(ai)exp(az)  (33)
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> Next,

p(x) = / - p(x,y)dy

— oo

1

= exp(az) /°° exp(a )dy,

V (2m) ety det B —oo0

because exp(a2) does not depend on y.
> The integral of exp(«y) overy is

oo
/ exp(a;)dy = 1/ (27)™v det Ay,
—oo

which follows from the fact that

/ explar)dy = 1
(27)m det Ayt

to satisfy the axiom of total probability.

(34)

(36)
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> Therefore, the density p(x) can be written as

\/det Ay

X) = —~——————exp (—L(x — o) T2 (x — pa)) 37
P = det s Pt m) o) @
> Using (22),
A;yl = Eyy - Eyrza;ml 296?! (22)
and (16),
Ey:c E’yy

it follows that

p(X) = N(“xa Emw) = (27T)"J01 dot >, €xXp (_%(X - I«l’x)sz_xl (X — ;,Lw)) .
(39)
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» To derive the information form, first recall that

Ty Ayz Ayy| By Ayapro + Ayypy
or

Acapbe = Ne — Azypiy
Ayopre =1y — Ayypiy.
» Next, write the exponent «; as
ap = —3(x — pa) " Do (X — o)
= XS X S e — Al S

» Using (24) in concert with (40) and (41), the middle term in a2 can be written

Xilmp,x_x ( z— Ny A_IA )
=x" (A ( zxMa — AIyAyy Ayl‘”l)
=x" (e — Awytty — Ay Ayy (ny — Ayyy))
=x" (e — Aypry — AsyAyyny + Asypsy)
=x' (1= — AzyAyy ny)

=x'n,
where
_ -1
n="mNx — AIyAyy Ny

(42)

(43)

(44)

(45)
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» The last term in a2 can be written as

— IurSe e
== lHIE;;EZZE;;NI

2

= *%(771 - AZyA;ylrly)T (Am - AzyA;ylAyZ)_

S
=—30 A7,

where (45) has been used, and

A =Auo — AuyAy,)

» Thus, the exponent a2 can be written as

» |t follows that

where

1. Ts—1 T
az = —5X Y X+ X

Yy

1

(M2 — AzyA;ylny)

Ay

n—in'An.

Ne — AwyAyyny,

Avs — AuyAy,)

Y

Ays.

(46)

(47)

(48)



Conditioning Theorem

» Consider

ZNN(/L,E), 7= |:X:| , W= |:“9”:| , > = [Exm Ewy:| , A= 2—1 — |:A.7wc ﬁxy] .

Theorem (4)

Letz ~ N (p, X) and be partitioned as in (18). Then, the conditional pdf p(x|y) is given
by

p(X|Y) = N(#zly: Zz\y)a
= Nfl('f]z‘y7 ]\xly)a
where

-1

Haly = Po + Bay Iy, (Y — By)s Sy = Maw — Ewyz;ylzym

and
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Proof.
> Recall that the relationship between p(x,y), p(x|y), and p(y) is given by

p<xw>-—1§§;§), (52)

> The densities p(y) and p(x,y) are
1

p(Y) = N(l"'lﬂ Eyy) = (2m) det s, exp (_%(y - Ny)TE;yl (y - Nu)) )
(53)
p(x,¥) = N (11, %) = . % (a)., (54)

€
V (2m) (e tny) det B

and the argument of the exponent, «, is
T
(B -Bal) [a Rd (B1-])- e
y Iy Ayo Ayy| \ ¥ Hy
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» Using the Schur complement of A, in A, Theorem 2, enables « to be
written as

_ 1 [X] _ M T 1 0] [A,. 0
“T 73 y Hy AyacA:;z:‘L 1 0 Ayy - AyxA;mlAzy

<o 5 (-]

(56)

> Next, expand «, and write « as the sum of two quadratic terms:
> a quadratic term in (x — pz) + Ags Asy(y — py), called az, and
> aquadratic terminy — p,, called aa.

» |t follows that o = a3 + a4 where

a3 = _% ((X — M) + A;a}Axy(y - l‘y))T Az ((X — M) + A;mlAzy(y - Ny)) )

= L (= (o — AL Ay (v = 1)) Awe (X = (1o — AL Ay (y — 13,)))
(57)

ay=—5(y - y)" (Ayy — AyIA;zlA“"y) (¥ = my)
O 1) T (k). )

and (26) has been used.
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> Next, focus on writing a3 as

az = =% (x = tapy) " ) (x = by (59)
where
Py = Mo + oy, 1Y — By), (60)
Doty = Daw — Day Ty T (61)
> From (20),
S = A = (Bae — 0y B By) 62)

» To write |, in (60) in terms of 3., and X, consider the following.
» Using (19), A.. and A, are

Avz = (Bae — Tay Ty Bya) (63)
Avy = ~(Brz = BayByy Sya) Say By - (64)

> As such, the matrix product —A,; A, can be written as

_A;zley = (Em - Exyzz;ylzyx)(zm - Ewyzy_ylzyw)_lzzyzy_;
=%,,3,). (65)
> Thus
Baly = to — Aga Auy (Y — ty) = pho + Say By (¥ — py)- (66)
» |t follows that a2 can be written as in (59). o a1



> The joint pdf p(x,y) can now written as

p(x,y) =N(u,X) = \/(QW)(nziny) > exp(as) exp(ay) (67)
» |t follows that
1
p(x]y) = p(x,y) <p(y))
- \/(QW)(nmi‘Hy) det xp(exs) exp(a) < ¥ ()" det 2y, eXp(—O&L))
= VBN x ) S0 () (69

(2m)"= det 20
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» Focusing on the normalization constant, using (17), first note that ,

me Eajy

det
[Eyr Xyy

} = det By, det(Bpp — By By Bya)- (69)

» Then, the normalization constant can be simplified as

det 3y, B \/det 3,
V@) det S fom)n. det B, det(Sr0 — B0y 55 )

_ ! . (70)

V@m)e det(Sey — B2y Tpyl )

» Therefore,
1

- x 721‘ B2 v i
p(xly) = N(paly Iv) (2m)ne det Xy,

exp(—3 (x — “I\y)T Z;ﬁ, (x = Kaly)),
(71)
where
Paly = Ha + Sy B0 (¥ — 11y), (60)
Saly = Arr = Baw — Ty B, Bya (61)

27/41



» To derive the information form, first recall that

Ty Aye  Ayy| [y Ayepe + Ayypy |’
or
Ayapre =1y — Ayypy. (41)

» Expanding the exponent, as, results in

o5 = =3 (X = phary) By (X )

= _%XTE;|;X+XTE;|;”I\7J - %“Lyzglzuw\y' (72)
> Using (62), (66), and (40), the middle term in a3 can be written as
X' ety =X Ags (e — Mgy Auy (y — 1)) (73)

X' (Awobte = Aay (¥ — By))

x' (M2 — Auytty — Auyy + Auypry)

x' (n: — Azyy)

=X, (74)

where

28/41



» The last term in a3 can be written as

- %“‘Ilyzz_\ly”zly (76)

= _% (ll»ac - A;;Axy(y - .uy))TAac:cA;zlAm (ll»a: - A;;Amy(y - NU))

=~ Ay 77
where
Agpy = Asa. (78)
» Thus, the exponent a3 can be written as
as = —5X B XX B0 o)y — 3 Hay Do), Haly
= _%XTAw\yx + XTﬁZIy - ﬁlly‘&;\;ﬁzw' (79)

> It follows that
_T x—1_
exp _nz\yAz|ynz|y
(2m)ne det Agy
= N_l('f]z\w Az\y)v

p(X|y) = exp(_%XTAw\yx"_XTﬁzw)

where
Naly = Mo — Azyy, (75)
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Summary

Mz DYDY —1 ( |M=z Ape Agy
wen = ([ [5 5)) = ([0
(x.) Ky Yo Xy Ny] [Ayz Ay
Marginalization Conditioning
p(x) = [%, p(x,¥)dy p(x,y) = p(x[y)p(y)
=3, Yoy = Baw — zxyzgylzyx
Info. Form | 7 =mn, — AyyA 0, Noly = M — Aayy

(Eustice et al. 2006, IEEE Trans. Robotics)
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Joint Density with Affine Transformation (Lemma A.1
in Sarkka)

Theorem (5)

Considerx € R"= andy € R"v wherey = Mx + b, M € R"v*"= js constant,
andb € R™v js constant. Let

p(x) = N(X; pto, Baz), p(yx) = N(y;Mx+b, X, ,).

Then, the joint density of x andy, p(x,y), is

_ X |. Mz o E‘TwMT
p(x,y) —N<[ y ] ; [ My, +b ] : [ MX,, MZ, M+, |/
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Proof.
» Recall that

p(x,y) = p(y[x)p(x). (80)
> The task at hand is to compute

p(x,y) given p(y|x) = N(y;iMx+b,2,,), p(x) =N(x; ps, Ex;c)'81)
(
» By direct computation,
p(x,y) = p(yx)p(x)
1

= TS exp (—% (y — (Mx +b))" Ey_ﬁc (y — (Mx + b)))

1 1 Ty -1
exp (—5 (X — pz) B (X — pg
R p (=5 (x = pe) B (X — po)
1
_ , 82
T der s, de O (82)
where
o= —1(y— (Mx+b) 51 (v — (Mx+b)) = 3(x = 2,) TS (x — o).

(83)
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» Write o = a5 + ag Where
as = =3 (y = (Mx+b))" 3, (y - (Mx+b)), (84)
ap = —5(X — pe) T2 (X — pra). (85)

» Add and subtract My, in the first term of a5 and rearrange to yield

a5 = 3 (y — (Mx+b) + Mp, — Mp,)" 2, (v = (Mx +b) + Mp, — Mp,)
= =3 (v = (Mpy +b) = M(x — p1,))" 21 (y — (Mps, +b) = M(x — p1,.))
= —3(y— (Mp, +b)" 2! (y — (Mp, + b))
+(y— (M + D))" 2, T M(x — o)
—3(x =) MTE I M(x — pro)
. X — g MM -M'S | X — i
-2 [y (Mg +b } —2;@ z;‘i [y — (Mp, + b)} .
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» |t follows that o can be written as

s laMe M -MTE !

T
a:_l X — Mg ylz ylz X — Hy
2 |y — (Mp; +b) -3 M = |y Mpg+b)
(87)
> Next, partition the information matrix as
s laMeiM M !
-1 _ oz ylz ylz
X _271M 271 (88)
ylz ylz
[t MM [Z o 1 -MT
_{0 1 Ho oMo (89)

» Using the fact that if X = PQR, then X~! = R=1Q P!, it follows that the
covariance matrix is

x_[1 0[S 01 M
“M 10 =00 1

MS,, MEZ, M +3,, (90)
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» To conclude,

p(x,y) = p(y[x)p(x)

1
= e , 91
J@m) T det 5, det 3, xp() ®1)
where
o = 1 X — Uy T 219: EIIMT X — Mg

(92)
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Marginal and Cond. Densities with Affine Trans.
Theorem (6)

Considerx € R™ andy € R™ wherey = Mx + b, M € R"v*"= js constant, and
b € R™v js constant. Let

Then, the marginal density ofy, p(y), is

p(y) =N (¥; 1y, By)

where
My =Mpg +b,
By =y + ME,M',
and the conditional density of x giveny, p(x|y), is
p(x[y) = N (X; oy, Zaly)

where

Holy = po + ZaaM 3,0 (y — (Mp + b)),




Proof.
» Recall that

p(x,y) = p(y[x)p(x). (93)

> Using Theorem 5 (Joint Density with Affine Transformation Theorem),
_ x| o oo B MT
=¥ (3] Dl [ L weiits, )

» Using Theorem 3 (Marginalization Theorem),
p(y) = N (¥; 1y, 2y) (95)
where

My =Mpg +b,
B, =2, + M, M.
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» Next, recall that

p(x.y) = p(xly)p(y), or p<xy>:p§g’y§). (96)

» Recall that
p(y) =N (Y; Mg, + b, 2y|m + MEZIMT) » (97)
- X |. Ha Yz 2. MT
= ([ s | s s its,, |)
(98)
» Using Theorem 4 (Conditioning Theorem),
where

Baly = Ba + BeaM' (2, + ME,,M") "y — (Mp, + b)),
Sy = oo — TeeM (ME,M" + 2, ,) "M,
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Bayes’ Rule

» The joint pdf p(x,y) can be written as

p(x,y) = p(x|y)p(y), or (99)
p(x,y) = p(y[x)p(x). (100)
» Setting (99) equal to (100) and rearranging leads to Bayes’ rule,
_ Py)p(x)

> Write p(y) as

b
— [ ssiopto) ax.
a
> |t follows that Bayes’ rule can then be written as

pyPx)
I p(y[x)p(x) dx
» This applies to non-Gaussian, as well as Gaussian, distributions.

p(xly) =
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In the Gaussian case, this is in fact exactly what was done in Theorem 6,
the Marginal and Conditional Densities with Affine Transformation
Theorem.

Given p(y|x) and p(x), construct the joint density p(x,y) using

p(x,y) = p(y|x)p(x).

Using Theorem 3,the Marginalization Theorem, marginalize out x from
p(x,y) to get p(y).

Given the joint density p(x,y) and p(y), each of which have just been
computed, compute
p(x,y)

p(y)

using Theorem 4, the Conditioning Theorem.

p(x[y) =
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