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Bayes Rule

» Previously showed that Bayes Rule (or Bayes Theorem),

p(y[x)p(x) )

p(xly) = o)

can be derived from the Marginalization and Conditioning Theorems,
applied in sequence.

» Often Bayes Rule is said to be “optimal”, but in what sense?
» Following [1] and [2], Bayes Rule will be derived.
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Differential Entropy (Shannon Information)

> Given p(x), the differential entropy, or Shannon information, is

oo

H,(x) = —FE[lnp(x)] = —/ p(x) In p(x) dx, (2)
where the integration bounds are assumed to be a = —oo and b = oc.

> Differential entropy is a measure of average surprise or unpredictability.
> When p(x) = N (x; u, X), the differential entropy is

Hy(x) = L In((2me)"* det X0). (3)

»> The larger det 3 is, meaning the Gaussian is “short and fat”, the larger
H,(x) is, representing more average surprise in the distribution p(x).

> The smaller det X is, meaning the Gaussian is “tall and skinny” like a delta
function, the smaller H,(x) is, representing less average surprise in the
distribution p(x).
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How “Close” are Two Densities?
> A divergence, D(q||p), is a measure of the distance between two pdfs,
such as ¢(x) and p(y|x).
> A divergence is not a metric because a divergence
> does not have to be symmetric (i.e., D(q||p) # D(pl|q))
> does not have to to satisfy the triangle inequality.
> A very popular divergence is the Kullback-Leibler (KL) divergence,

Dic(allp) = — /Oo g(x)In (p(yx)> dx = —E, [m (p(ym)] @)

oo q(x) q(x)
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Figure: Left: two pdfs. Right: two KL divergences. (github.com/apachecn/HackCV-Translate)
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» Dxi(qllp) = 0 means ¢(x) = p(y[x).
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» The KL divergence can be written as

Dk (4llp) = —/oo q(x)In (]i](g)) dx

— o0

= —E, [Inp(y[x)] + E, [Ing(x)]
= —E, [Inp(y|x)] — Hy(x),

where the definition of differential entropy in (2) has been used.
» The term lnp(y) is not a function of x.
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Problem Set-up
» There are two pieces of information available:

» an a priori density (a prior), pprior(x), and
> measurement data y.

» The task at hand is to find the a posteriori density (the posterior),

Ppost (X|Y)7

given the prior and the measurement data.
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Possible Solutions
> Find ppost (x]y) that is “close to”, in some sense, the prior pyrior (X).
»> A good idea.
> Use KL divergence to minimize the difference between p,os: (x]y) and
pprior(x)-
» The problem is that the measurement data, y, isn’'t use.
> Also, in the absence of an additional cost to minimize, ppost (X|y) = Pprior (X)
is the optimal solution.
> Find x, and then p,.s: (x|y) if possible/tractable, that best fits the data.

> Also a good idea.
> Leads to maximum likelihood estimation (MLE).
» The problem is that the prior, pprior(X), isn’t use.

Solution

» Do both: find ppos: (x|y) that is “close to0”, in some sense, the prior pprior(X)
and best fits the measurment data.
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Fitting to the Prior

> To find ¢(x|y) = ppost (X]y) that is “close t0” the prior pprior(x), use KL
divergence.

» To this end, minimize

J(Q(X‘Y)) = DKL(Q| ‘pprior)

. /Z ¢(x)In (pqux;X)) dx (5)
-/ Z 4(x) (In pprior(x) — I g(x)) dx (6)

» In the absence of an additional cost to minimize,
q(X]y) = DPpost (X]y) = Dprior (X) i8 the optimal solution.
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Maximum Likelihood Estimation (MLE)

» Consider a likelihood function,

L(x) = prike(¥[x). 7
» For example, consider the measurement model

y=2g(x) +n, (8)
where y € R™v is the measurement data, g : R"* — R"v is the

measurement model, and x : R"* is the state to be inferred from the data,
and n € R™ is noise with pdf n ~ A/(0,R).
» In this case, the likelihood function is

L(x) = pie¥1%) = nexp (~3(v —g) R 'y —g(x)) . (@)

> To find the most likely x, maximize L(x) = piike(¥|X) given measurement data y.
> In practise, rather than maximizing L(x), the negative log likelihood,

—In L(x) = — In prike (¥|X) (10)
is minimized.
> When (9) is the likelihood function, the negative log likelihood is
—InL(x) = —Inpie(y[x) = 3(y —g(x)) R (y —g(x)) —lnn. (1)

> Once x is found, compute ppost (x]y) (€.9., the covariance in the Gaussian case) if
possible/tractable.
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A Variational Approach

» Consider the cost function

[o <]

J(q(x]y)) = a1 Dkr(q||pprior) +Oé2/ q(x]y) (— Inprke(y|x)) dx,  (12)

—oo
Ji(q(x]y))

Ju(q(x]y))
where ¢(x]y) = ppost (X]y) and aq, az > 0 are weights.
> Note that ¢(x|y) is subject to two constraints:
> q(x|y) > 0, and oo
/ g(x|ly)dx —1=0. (13)

> The first constraint will be ignored (but, after the fact, can be verified).
» The second constraint can be enforced using the method of Lagrange

multipliers.
» Augmenting (12) with a Lagrange multiplier times the constraint (13)
results in -
I(q(x]y), A) = a1 Dw(gl|pprior) +az/ q(xy) (— Inprie (y[x)) dx
—— —oo

Ji(q(x
1(q(xly)) Ji(a(xly))

+)\(/Zq(xy)dxl>. (14)
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» Minimizing (12) subject to the constraint (13) is a variational problem
because
J:D =R,

where the domain of the cost function D is the set of all pdfs that satisfy
(13) and are positive

» Put “in” a pdf and get “out” a real number.
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Cost Function Interpretations

» Minimizing (extremizing) the cost function Ji(q(x|y)) in (14) results in a ¢(x|y) that
s “close t0” pprior (X) in the sense that KL divergence is minimized.

» Minimizing the cost function Jit(¢(x|y)) in (14) results in a g(x|y) with the following
properties.

> The density g(x|y) must be close to zero when — In piik. (y]x) is large, but is
permitted to be large when — In piike (y|x) is small.

> To make this more concrete, consider again the likelhood given in (9), with
negative log likelihood given by

T —
—InL(x) = —Inpie(yx) = 3(y —g(x) R (y — g(x)) —Iny. (1)
> When — In pjj1e (y|x) is large, meaning x values don'’t result in accurate y
predictions, ¢(x|y) must be small.
»> When — In pjjie (y|x) is small, meaning x values result in accurate y predictions,
q(x|y) is permitted to be large.

> ¢(x]y) cannot be small everywhere because Ji(¢(x|y)) would not be minimized,
and the constraint (13) would be violated.

> Minimizing the cost function I(g(x|y), A) in (14) trades off finding a posterior
density that is not too different than the prior (the Ji(g(x|y)) term), but that
“matches the data” (the Jir(¢(x|y)) term), subject to the constraint (13).
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An Alternative Form of the Cost Function

> By adding and subtracting H,(x) = — [~°_ q(x|y) In¢(x|y) dx to Ju(q(x[y)),
Jir(¢(x]y)) can also be written as

Ju(q(xly)) = /_oo q(x]y) (— In prike (y[x)) dx + Hy(x) — Hy(x) (15)

oo

== [t ) ax+ [ g (el ax + ()

— o0

oo ()

= Dk (¢l|prike) + Hy(x). (16)
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» Thus, the cost function (14) can alternatively be written as

I(q(xly)) = a1 Dko(g||pprior) +a2( Dri(gl|piike) + Hq(x) )
——

Ji(q(x]y)) I (a(xly)) Jii(a(x]y))

+/\</:q(xy)dx—l> (17)

» Minimizing the alternative form of I(¢(x|y)) in (17) can be interpreted as
follows.

> Minimization of Ji(q(x|y) forces ¢(x|y)) to be “similar to” the pprior(x) in the
sense that KL divergence is minimized.

> Minimization of Ji7 (¢(x|y) forces ¢(x|y)) to be “similar to” the piike(y|x) in the
sense that KL divergence is minimized.

> Minimization of J3 (q(x|y)) = H,(x) forces ¢(x|y) to have minimal average
surprise (i.e., ¢(x|y) shouldn’t be too “short and fat”, but should be more “tall
and skinny” like a delta function).
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The Details

» Compute the derivative of I(g(x]y), A) with respect to A and set the result
to zero. To this end,

(H(q((’;l\y}’/\):/c:q(xy)dx—lzo. (18)

> Next, compute the first variation of I(¢(x]y), A) and set the result to zero.
> Consider the first variation of Ji(¢(x|y)), that being

(o ]

6J1(q(x]y)) = —/ dq(x]y) (In pprior(x) — Ing(x]y)) dx

—o0

- ~ ) (q(im 5q<x|y>) dx
- T (1= (0 pprion(®) — Ing(xly)) ba(xly) . (19)
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> Next, consider the first variation of Ji1(¢(x]y)), that being

saulataly) = [ " n pise(¥/x)g(x]y) dx. (20)

> Finally, the first variation of the constraint is

5{A</_Z o(xly) dx — )} —)\/ g(x]y) dx. 1)
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> Thus, the first variation of I(¢(x|y), A) is

51(q(x]y), \)
o / (1 — (10 ppsior (%) — In g(x]y))) 6g(x]y) dx

— o0
oo [o )
s / In pike (y1X)5(x]y) dx + A / a(xly) d
— oo oo

= /'oo (a1 (1 = (10 Pprior (%) — Ing(x]y))) — 02 In pre(y]%) + A) Sq(x]y) dix.
- (22)

> Setting 61(q(x|y), A) equal to zero, and noting that d¢(x|y) is an arbitrary
variation, results in the requirement that

a1 (1 = (In pprior (x) — Ing(x]y))) — a2 Inprike (y/x) + A =0, (23)
a1 — a1 In pprior(X) + a1 Ing(x]y) — @2 In prike (¥x) + A = 0. (24)
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> Rearranging (24) and solving for ¢(x|y),

In (plikc(Y|X) “Pprior (X) 1) = (a1 + ), (29)
q(x]y)>
Plike (¥[X)** Pprior (X)** exp(ai + A), (26)
q(x|y)>
a(x[y)™ = exp(—a1 = A)pine (Y1) **Pprior (x) 1, (27)

ay + A ag
o0s19) = exp (=50 ) i 60 (0. (289

> The expression for ¢(x|y) given in (28) is not normalized. To find the
normalization constant, use the constraint (13), the axiom of total
probability.

> To this end,

| atmax=1. 29)
a1 + A
()
oo -1
€xXp ( ) / phke Y|X 1 Pprior (X) dX) . (31)

[o <]

/ Piike (¥1%) 5 pprion (X) dx = 1, (30)

oo
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» Therefore,

ot ap -1 ag
q(xly) = (/ Plike (Y[X) 1 Pprior (X) dX) Plike (Y[X) 1 Dprior (X),

—o0
@2
Dlike (Y|X) 1 ppmor (X)
fOO Dlike (Y|X) 1 Pprior (X) dx

ppost (X|y) =

Where Q(X|Y) = ppost (X|Y)
> |t can be verified that ppos (x]y) > 0
» Notice that when a; = as = 1,

Dlike (Y|X)pprior (X)

Ppost (X|Y)

and Bayes Rule is recovered!

f_ Dlike y|X Pprior (X) dx ’

(32)
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Bayes Rule is Optimal

Bayes Rule is optimal in the sense that the cost function

J(q(x]y)) = Dk (ql|pprior) +/ q(x]y) (= In prike(y[x)) dx (34)
= Dk (q]|pprior) + Dki(q||prike) + Hq(x) (35)

subject to the constraint
| atdyyex=1 (13)

is minimized.
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